Cyber-Physical System



Cognitive Cyber-Physical system

= The future of intelligent Cyber-physical Systems is
oriented towards the implementation, either in software or
hardware, of cognitive mechanisms

= However, the predicted future is not something wiill
happen decades from now

v Adaptation is a basic form of cognition associated with elementary
automatic reactions

v Many embedded solutions present in the market introduce
adaptation mechanisms at various levels

v~ Technological advances in the hardware permit the execution of
sophisticated embedded solutions

The future of embedded systems has started already...




What is Cognitive Cyber-Physical System?

A cognitive Cyber-physical system is
a Cyber-physical system that takes
advantage of cognitive processes to

propose intelligent solutions



Cognitive Processes in Human Brain

* Providing an
engineering-oriented
perspective of brain
functions

= Functional description of
some basic processes of
the human brain, with a
special focus on
emotional and cognitive

processing

Apply "lessons” from the brain to embedded systems

(and not to duplicate the way the brain works)



Many mechanisms
 adaptation mechanisms
* energy efficiency

* learning in non-
stationary environments

* cognitive fault diagnosis
can be immediately cast
within

a cognitive processing of
human brain

Intelligence for Cyber-
hysical Systems



Emotional Cognitive Structure

= Brain phenomena can be modeled as a hierarchy of
subsystems differentiating in time activation and
accuracy levels that, possibly, rely on a memory
containing knowledge suitably stored for decision making

Higher levels:
characterized by complex and

articulated controlled mechanisms

new situations must be included in the
processing mechanism and stored in memory



Emotional cognitive structure: lower and
upper levels

= Lower levels (fast automatic processes)

v process stimuli to quickly take a decision and/or
provide a prompt reaction

v" activate higher levels of knowledge processing
= Higher level (complex controlled mechanisms)

v assess ongoing performance and

abort/modify/complete actions and decisions made by
lower levels

v introduce feedback mechanisms by providing
information to improve the learning

The joint activity of automatic and controlled processes allow us
for modeling the emotional responses in humans



Automated and Controlled Processes
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Automated Processes

Declarative Memory
(Episodic memory, Semantic memory)

PROCESSES INVOLVED BRAIN
REGIONS

« direct attention %o internal (Ventral and Medial
sensations and thoughts, or Orbital Cortex, Lateral
external people and objects Prefrontal and

= search for and retrieve Assoclation Cortices,
information from memory, Anterior Cinguwate

= construct a representation of Cortex, Hippocampus)

the experence
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= Characterized by a detection-reaction
mechanism designed to

v

v

quickly identify potential dangers

plan and schedule actions to get a
reward

recall of previously acquired information
related the situation/event/emotion

activation of a proper action/reaction,
e.g., by increasing the heartbeat or the
respiration rate and releasing stress-
hormones following a perceived threat



Reduced latency

= Reduced latency is more important than keeping under
control the false positive rate following a conservative
primordial principle:

- it is much better to react with an unnecessary action following a
perceived -possibly new- threat than being insensitive to it

= Meant to be quick and effortless in generating an
emotional response to external stimuli such as
presentation of faces, objects or events

= Emotional response (possibly together with additional
environmental information) is then processed to become
part of the knowledge (i.e., stored in the memory) to be
recalled whenever necessary



Controlled Processes

Declarative Memory
(Episodic memory, Semantic memory)
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Consciously, we also direct
attention to our personal sensations,
construct our emotional background,
and select or inhibit actions
depending on a lifetime experience

After a preliminary automatic
response, cognitive processes are
consciously activated by higher
levels of the cognitive hierarchical
system

By deliberately monitoring, activating and processing emotions we can re-interpret and

alter their meaning (learning mechanism), change the current personal experience and
perception of the world as well as the way we interpret emotions and respond to stimuli




Controlled Processes

The use of computationally demanding processes in the
generation and regulation of emotions is named conftrolled
emotion processing

The main tasks carried out by controlled processes
can be summarized as
v Select or inhibit the actions activated by automatic processes

v~ Construct a representation of the emotional experience over time
and perfect it according to the received external stimuli and the
final situation outcome

v Direct attention to internal sensations and thoughts

v~ Search and retrieve information from the declarative memory



Processes and brain regions

Brain Regions
Amygdala

Function

| Operations

| Type of Process

Detecting, Learning
about Stimuli

Detects potentially threatening stimuli
and associates them with appropriate ac-
tions

Automatic

Basal Ganglia

Registering Rewards,
Acquiring Habits, Se-
lective gating of be-
havior

Mediates selection and initiation of ac-
tions, Automatizes sequences of behav-
ior and reinforced thoughts

Automatic or controlled

Lateral prefrontal/ as-

sociation cortices

Retrieving and Stor-
ing Semantic Emotion
Knowledge

Identifies stimuli, differentiates feeling
states; attributes emotional qualities to
stimuli; repository of regulatory strate-
gies, lay emotion knowledge

Retrieval can be
matic or controlled

auto-

Anterior
Cortex

Cingulate

Conflict Monitoring

Monitors on-going behavior and deter-
mines whether a change is necessary or
not

Conflicts  detected au-
tomatically, but making
changes takes control

Ventral/ Medial Orbital

Frontal Cortex

Context- dependent
action selection

Inhibits on-going emotional responses
based on analyses of context

Controlled

Hippocampus

Long-term strategies

Understanding spatial relations within
the environment

Controlled




Amygdala

= Complex and differentiated roles

v~ the detection of a threat by inspecting stimuli patterns
v~ activating a reaction

v modulating the long-termm memory consolidation of
stimuli-stimuli and stimuli-response association in the
emotional declarative memory

How to cast it within the cognitive embedded systems framework?

The amygdala may be considered as a module processing stimuli

patterns to detect threats. Similar to Change Detection Tests (CDTs)



Basal Ganglia

= Role:
- voluntary motor control (e.g., eyes control)

- emotional processing leading to learn routine behaviors
to attain rewards

Modeling time dependent events by means of dynamic systems or
machine learning techniques (e.g., Markov processes) for

forecasting purposes and define sequences of actions necessary to
achieve a long-term goal by means of planning




Lateral prefrontal and association cortices
(LPAC)

= Provides mechanisms enabling the storage and retrieval of
semantic emotion knowledge as well as using the memory
content to asses the relevance of stimuli and events

= Access to this emotional database is automatic during
the generation of an emotional state, or when we
consciously represent or label emotional states to draw
inferences about those emotions we are experiencing

Knowledge management in recurrent adaptive classifiers. This
knowledge is organized into concepts, each of which represents a

memory of the state. Similar concepts can be fused together to
improve/integrate the knowledge over time.




Anterior cingulate cortex (ACC)

= Role:

v Assess the “congruence” of emotions and feelings that have been
generated in response to external stimuli

v~ Forecasting whether external stimuli would induce threats or pain
in the future or not

= This capability, which is conscious, is crucial in the
activity planning to achieve long-term goals.

The ACC activity is conceptually very close to the validation
procedure of hierarchical change detection tests: in response

to an event, signals are jointly evaluated to determine whether
what perceived is a false alarm or represents a true change




Orbital and ventral-medial prefrontal cortices
(OFC and VM-PFC)

= The role is closely related to the active approach modeling
the human behavior:

- Emotions, stimuli and memory patterns automatically
generated by lower cognitive levels are integrated and linked to
the long-term memory to define a “cognitive” high-level response

- The “cognitive” ability resides in the capacity to connect the
memory systems with emotional systems (amygdala) to
evaluate the taken actions and recall associated somatic states

This approach is very close to cognitive analysis in distributed
fault diagnosis systems where low level information is integrated

and analysed by taking into account also the network topology
(to distinguish among faults, change in the env. or model bias)




Hippocampus

= An old structure of cerebral cortex that takes part in
many declarative memory functions which refer to the
memory of facts and events:

- Encoding and recalling information from the memory are the two
main tasks of this fundamental subsystem.

= Interacts with the amygdala in the formation of short-

term memory, a preliminary step for the storage of long-
term information

In intelligent embedded systems, the role of the hippocampus

can be associated with the ability to recall previously acquired
concepts whenever necessary (recurring concepts)




Decision-making involves the orchestration of multiple
neural structures and cognitive subsystems,
e.g., VM-PFC, amygdala, LPAC, and hippocampus



Decision Making
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Decision Making (2)

Inferences about Congruency
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Emotion and decision-making and adaptive classifiers

= JIT Adaptive Classifiers
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Adaptation in CPS



Need for adaptation

Many cyber-physical systems require intelligent
mechanisms to deal with those situations where either
evolution or time variance requests a reaction to grant a

performance level

= Adaptation is the basic form of intelligence to be considered
every time the cyber-physical system has to react quickly

- minimize both time-to-reaction and energy consumption

- adaptive mechanisms are the result of sophisticated
techniques

Adaptation: form of intelligence associated with the

execution of automatic cognitive processes




Application mechanisms in CPS

synchronized

Automatic Processes Controlled
Processes
Single Unit reducing the energy the implementation of
Level consumption of the device sophisticated mechanisms
maximizing the efficiency for adaptive sensing
of the energy harvesting reprogram the embedded
process device (when and how)
Group Level keeping the units clocks taking advantage of group

information to improve

accuracy as in distributed
clock synchronization




Energy Consumption

= Even though we are good in energy harvesting, energy
consumptionis an issue and should be minimized

= The Murphy’s law appears to be always there: once you
need energy you cannot harvest it...

= Some strategies to manage the available energy

Throw away what is not needed (keep it simple)
Consider incremental applications

Duty cycling: The more you sleep the less energy you
consume

Forecast and react methods
Sample what needed
Act directly on the Hw



Adaptive Sensing

= A possible data acquisition procedure:

1.

The interrupt wakes up the microprocessor, possibly
from a deep sleep modality;

The interrupt routine sends the warm up directives to
the sensors (if needed) and waits (or the task is
inserted in the task wait list) for available data;

If sensors are ready, the sampling procedure is

activated, acquiring data and storing them in the
memory;

Once the acquisition task is completed the routine
terminates.



Measurement chain : Sensor level

Data
estimation




Adaptive Sensing
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Hierarchical Sensing

= Data acquired with low resolution/low power consumption
sensors are processed by simple algorithms. When a potential
alarm is detected, high resolution sensors generally
characterized by a higher power consumption are activated.

Alarm

L

Second-level analysis
(complex algorithm,
large power-consumption)

t Potential Alarm

First-level triggering

Physical
phenomenon
under monitoring




Triggered Sensing

= |n triggered sensing features are used to decide
whether to activate an alarm or not.

= An example is based on different resolution (different
energy consumption) case

= Another example is based on a CMOS camera,
reconfigurable in terms of spatial resolution:

- Low resolution scenes of the environment are quickly
processed for target detection.

- If targets are detected, some digital cameras undergo
an adaptation phase that, after reconfiguration,
provides higher quality images for target detection

validation.



Multi-scale Sensing

= |n multi-scale sensing, we identify areas within the
monitoring field that require a more accurate inspection

= The method envisages a lower resolution when the
receptive field is less relevant, and a higher resolution
when high precision acquisitions are requested.

= Example: An emergency management scenario.

- The field to be monitored is instrumented with static,
low resolution temperature sensors.

- When an event is detected, a mobile sensor unit (mule)
Is sent to the area to collect additional high precision
measurements.



Adaptive Sampling

= Adaptive sampling methods modify the sampling rate
based on the information content carried by sensed data,
the available residual energy present in the batteries and
the incoming or estimated harvested power.

I o Acquired data

a
v

Physical quantity

Time



Activity based Sampling

= In model-based sampling temporal and spatial locality
redundancy are used to describe incoming data. If a
discrepancy exists a new model must be generated

]

O Acquired data |

Physical quantity




Adaptive Sampling: Harvesting Policy

In harvesting aware policies, the sampling frequency is
increased or decreased based on information related
to the residual energy.

In extreme cases sensors can be switched off, with
strategies depending on

- The information novelty content expected to be
provided by the datastream in the near future (either
predicted or estimated on past data)

- The power consumption of the sensor, also balanced
with its accuracy

- The impact of the sensor information on the application
(sensitivity analysis)



Compressive Sensing (CS)
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Sensing by Sampling
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Sensing by Sampling (2)
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Compression: Toy Example

Original Compressed Error

DCT Multiply, hgf:rl?e
—> —» round, —» —> —>
divide

Image Transform Quantized Quantized
block coefficients coefficients image block
Storage or
transmission
Quantization

scale factor



Discrete Cosine Transformation

-

PICTURE MATRIX _ —>| D'SE%F-"2$+G-E—>  DCT COEFF|
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40 24 15 15 239 32 27 - 3 3
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42 49 50 39 34 30 32 46 50 1 -2 011
40 47 46 35 31 32 35 43 -7 3 6 6 3 -1 0 0
38 43 42 31 27 27 28 33 2 4 2 2 12 01
39 33 25 17 14 15 19 26 i0 0 1000
29 1%¢ 6 1 -4 0 7 18 11 3 1 0 0 00



Motivation
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Shannon’s sampling theorem
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Band-limited signal
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Aliasing
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Whittaker-Shannon Interpolation Formula
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Whittaker-Shannon Interpolation Formula
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Some limitations of Shannon’s theorem
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What is Compressive Sensing?
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What is Compressive Sensing?
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What is Compressive Sensing?

o DHYH(@-23 HY Yol (2HSV0& HOHE+Vo($H(+HE (FH#/(+-(RCBHE(E
-3+G2Ga$+G-E($.J-'G+*2(T$.%-(@$..#/(GEX#%G-E($.J-'G+*2U(+-(3'
HH(@-23 #+HH(UGIES.V

o D*G%(3$'+(GY%(G23 #2#E+#/(GE(Y%-F+L$#V

o fEM# (Y& G+IM.#(@-E/G+G-E%(+*$+(+*#(-' GIGES.(AGIES. (SE/(+*#(
2HPY& H2HE+ (%01 %+#2(28&%+(F&.FG..Y (+*#(#@-E%+'&@+G-E(+&'E
*EXHOXH|(.G++ #(- (HXHE (att-(#"-'e



Why compressive sensing?
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CS: Theory
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Signal Sparsity
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Signal Sparsity
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[FIG1] (a) Original megapixel image with pixel values in the range [0,255] and (b) its
wavelet transform coefficients (arranged in random order for enhanced visibility).
Relatively few wavelet coefficients capture most of the signal energy; many such images
are highly compressible. (c) The reconstruction obtained by zeroing out all the coefficients
in the wavelet expansion but the 25,000 largest (pixel values are thresholded to the range
[0,255]). The difference with the original picture is hardly noticeable. As we describe in
“Undersampling and Sparse Signal Recovery,” this image can be perfectly recovered from
just 96,000 incoherent measurements.



Incoherent Sampling
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Incoherent sampling: Example
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Randomness is cool! ©
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Signal Reconstruction
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Comments on Theorem 1
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Randomness is super-cooll©

. 7-E%G/# (SEI(FGSHHE-'2$.  M$%oBVo(
o d-'($(UHEYGE I (28 @Yo+ 8&@+#/(GE(SEI(-F(+*#(F-..-LGEJ(LSI%Y
2$+'GBE DY, LG..(-M# (+*#(\W; (-F (- LG+*(-X# L*#.2GEJ(
3-M$MG.G+I(3-XG/#(+*$+(+*#(E&2M# (-F (%b 23 (S (((((((((((
1. ® @-E+$GEY%HE+ GHY(FR2FEI=$8%%GSE(LG+*(X$.CIEQ@H(
2. ® @-E+$SGEY(HE+ GHY%(LGHABEBAY% ((((((((((((((((((LG+*(3-M$MC
T%I22#+'G@ (0#E-&..GU(V
5V 7-.8&2E%(-K8 $#(%$23 #/(&EGF-"2.1($E/-2.1(F-2($(&EG+(%3*#'#(
GE(RG2#E%G-ES$.(%3$@#V



Randomness is super-super-cooll©

o D*HY#(3-3H +GHYo(-F(SE/-2(2$+ G @H% (*-./ (LGP E-'23.
MS$YOBVo(

o QUo(%&@*Y (LH(/-(E-+(E##(+ DHRES(IGXME(

o Q&+ (+HHH(SH(H+*-1%(+*$+(@BE(JGXH(F&'+*# (G 23'-XH# (‘#%&.+% (G|
J-(%&@*($(+&EGEIV(H (231 (%+&/I (+*- Yot (+H@*EGK&HY%(.$+# (-E(/&"
@-&' Y%V



L, norm and L, horm

o D*H(GY%($(%3H@GS. (#.$+G-E%*G3(M#+LHHE (+*#(F-..-LGE.
+L-(3-M.#2%(TL*G @*(L#(LG..(%+&/I(GE(@-23"#%%G X#(
YHEYGEI(.$+#'(-EUN

y=A/ y= A0
y" R, A" R™" ye R", Ae R™
/" RY(m<<n) 0 € R"(m<<n)

/" =min|/ | subjecttoy= A/ @ =min|@| subject to y=Ad

D*H(Q E-"2(GY%($(1%-F+#' 1 (X# VG- E (JHAZY(O +*# (OFE-"206(L*##(C(n(3(n(H(
$H(3-%0%G M H(SE/(G23-06H#($(Vo+-E JH YRR OGN +(+#( #$/(+(BEEEXHS(
3-M.#2%V/ (HE @HE86(3HFH #IV( INU

4, =[Sl



L, is good, L, is bad. Why?
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L, is good, L, is bad. Why?
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[FIG3] Geometry of ¢, recovery. (a) £, ball of radius r; the orange region contains all @  R? such that |a(1)| + |e(2)| < r. (b) Solving the
min —£, problem (8) allows us to recover a sparse o, from y = ®ag, as the anisotropy of the £, ball favors sparse vectors. Note that the
descent vectors h pointing into the #; ball from o will be concentrated on the support of wo. () Minimizing the £> norm does not
recover . Since the ¢ ball is isotropic, the min —¢; solution o7, will in general not be sparse at all.
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[FIG3] Geometry of ¢, recovery. (a) ¢, ball of radius r; the orange region contains all « < R? such that |«(1)| + |«(2)| < r. (b) Solving the

min —¢, problem (8) allows us to recover a sparse o, from y = ®ay, as the anisotropy of the £, ball favors sparse vectors. Note that the
descent vectors h pointing into the ¢, ball from «o will be concentrated on the support of «o. () Minimizing the £ norm does not
recover a,. Since the ¢ ball is isotropic, the min —¢; solution «;, will in general not be sparse at all.
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L, is good, L, is bad. Why?

o D*#(9FE-'2(2GEG2Ga$+G-E(T%EMO#@+(+-(+*#(@*-YHE(@-E%+SGE+U(GY%(J&S SE+#
063$'%#%0+(3-%%GM.#(%-.&+G-E%(3-XG/#/(+#(@-E/G+G-EY%(-F (+*#-'#2%(HY (P($E/(5

o QS (LH(IH+ (%3S %10+ (3-%9% G M. #(%-. &+ G- E % (# NEE MG Rl HOAHDHEH/(
X#'%G-E(-F(+*HD Qe



Compressive Sensing: Toy Example with
Images

* H(LG..(@-23%#(G23IH(#@-E%+'&@+G-E(MI(+L-(/GFF##E+(2#+*-/%V

o WH(L-E]+(/-(+'&#(@-23H#% % G X#H(YHEYGEIV(WEYo+#S$/(L#]..($33.I(|GFF# #E+
YHEYGE I (2$-HB@BHEHH+G @S..|(TGE(%-F+LE#U(+-(SE(G2$I#(.-$/#/(GE+-(
2H2-'IY (2 #.1(F- (HS$23. (%S ZHV

o WE(+*#(FG'Yo+(2#+*-IY (LI(@-23&+#(+*#(?TD(@-#FF G @ GHE+%bISE(G 25
S(KHPUY ($E/(#@-E%+'&@+(+H#(G 2SIt SHOBBHSMY0-. &+#(X$.&H#(?7D(
@-#FFG@GHE+%(TSE/($(%G 23 #(2$+ G SEYRREGHFEIR(HCCC(+-(5CCCC\V

o 4-+#(+*$+(+*G%(GCY%(H#KE&GC XS AE+(+- (&Y GEJ(HWH BRI (28 GS(



Compressive Sensing: Toy Example with
Images

o WE(+4(%#@-E/(2#+*-1Y (LE(H@-E%+&@+(+#(G2$I#(&UGE I (+*#(F
$'IH%+(?7D(@-H#FFG @ GHE+Y%(SE/(S('SE/-2(%o# #@+G-E(-F(+*#('#24
-E#%Y (IG#./GEJ($(+-+S@FFFG @ GHE+% YAUHBISGE (XS GH#/(F-2(
HCCC(+-(5CCCCV

o D*#(YHEYGEJ(2$HEBB($33'-3' GS+.1($Y0%6H2M #/V

« WE(+*G%(@3$Yo#Y (+*#(#@-E%+ &@+G-E(3-@##/%(MI(%-. XGEJ(+*
-3+G2Ga$+G-E(3-M.#2"

min|d| such thaty = ®¥ 6



Compressive Sensing: Toy Example with images
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[FIG2] Coded imaging simulation. (a) Recovery error versus number of méasurements for linear DCT acquisifjon (blue), compressive
imaging (red), and DCT imaging augmented with total-variation minimiza§jon (green). The error is measured\using the standard
definition of peak signal-to-noise ratio: PSNR = 20log,,(255- 256/ X — X|\}). (b) Image recovered using lineaf DCT acquisition with
21,000 measurements. (c) Image recovered using compressive imaging 1,000 DCT and 20,000 noiselet megsurements.
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Compressive Sensing: Toy Example with
Images

o WE(+*#(%#@-E/(2#+*-Y (+*#(‘#@-E%+'&@+G-E(‘#%&.+%($#(-F(M#++#'(K&S. G
L A(T red @& XH#U($%(@-23%#/(+-(+*#(FG'%oHiRie- QY fIX#UV
* D*#Ereen @& X#(GE/G@$+#%(+*#(H#@-E%+'&@+G-E(#%&.+%(LG+*(+*#(F-..-L(
%3$EGZGa$+G-E(3'-M.#2Y(M&+(&%G EJ(+*#(%0$2#(%#+(-F(?7D(@-#FFG@GHE+
Yot

min|d| such thaty = ©¥¢

o D*#('#%&.+%(-F(+*G%(+*G'/(2#en/ (@ & X#U ($H(GE+#'2#/GS+#(M#+LHHE (+*#(FG
+L-V(W+(GE/G @ $upkriority of the L1-method (green) over simple pseudo-
inverse or matrix transpose (blue)V(W+($.%-(GE/G @ $hd8sig $+éndom set
of DCT coefficients (red) is better than taking only the low frequency DCT
coefficients (green)V(



Compressed Sensing for Piecewise Constant
Signals

o WE(+#(@$%#(-F(3GH@#LGY#(@-E%+$E+(%GIES.%CcG2$IH%Y (+
063$'Vor(Tatt'-(HXH L H(HS@#3+($.-EJ#/IH%UV

o d-'(%&@*(G2$IH% Y (L @SE (Yo- X#H(+*#(F-..-LGEJI(3-M.#2(TM$SYo/(-
X$'G$+G-E(-DRUA

D*G%(-3+G2Ga$+G-E(3-M.#2(G%(@$..#/($(%#@-E/(

minTV(f)such thay = ®¥' f, 1 (@-EH#(3-I'$2V(W+@SE (M#(%- XH#1(
HFFG @ GHE+.|(8%GEJ(35@ ZI3e@SD#(OH
V(1) < j _[ J £+ T, dxdy LG..(E-+(J-(GE+-(2-#(/#+$G %Y (M&+(+*(

|-@&2HE+$+G-E(-FRIG @ (G%($(I--/(%+$+GEJ(

= L1-normof the2D gradient ector 3-GE+(F- (+*H{(@8'G-8Y%(#$/H %V
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‘GI*.|((WE@-23 #+#(d'#KEHE @I (WEF-'2$+G-E1Y (W<<<(D'$SE%$@+G-E%(-E(WEF-2$+G-E(D*#-'IY (d#M

Theorem 4 (similar to Theorem 1)

. 7-E%G/#($(3GH@H#LGY%H(@-EYf SEMBEIEEIUN (,&33-%0#(
@-#FFG @ GHEHYRHB008 I (+*-8I* (+*H(2H Y& HOHE+(2$+85 S(
IG#.IGEJ(S(XH#@FICE. | (H&EH BHSY0 & HIHE+%V/(

WF( T G%(%-2#(@-E%+$E+U(+*HE(+*#(%-.&-
+-(+*4(F-..-LGEJ &R LG +*(3-MSMGIGH(

m# Clog(n/ 2% (" ! )

min, TV (f)such thay =®¥" f ! R"," ! R™, f! R",m<<n



Experiment by Candes, Romberg and Tao

\HFANTSE/#% (\-2M#' J(SE/(
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(d)

Fig. 1. Example of a simple recovery problem. (a) The Logan-Shepp phantom test image. (b) Sampling domain ! in the frequency plane: Fourier coefficients are
sampled along 22 approximately radial lines. (c) Minimum energy reconstruction obtained by setting unobserved Fourier coefficients to zero. (d) Reconstraction
obtained by minimizing the total variation, as in (1.1). The reconstraction is an exact replica of the image in (a)



Experiment by Candes, Romberg and Tao

o DH(+-TRHUF+(G2$IH (T3 HXG-&%(%. G/HU(G%($(Yo+$E/$(3*SE+-2(&%
2HIG@$.(G2$IBBX, .#/($%(9-FBE33 3*$E+-2V/(

o D (+-FCI*+H(G2$IH(%*-L%(PP('$/GS.(/G #@+G-E%(LG+*(KHP(%$22
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Experiment by Candes, Romberg and Tao

e 0-++-2('GI*+(T+L-(%.G/H#%(M$@ ZUN(#@-E%+'&@+G-E(-M+$GE#/(]
+*#(F-..-LGEJ(3'-M.#{ssociated reconstruction error is ZERO)"

frw =min, TV (f)such that#8" | , £, .. ()= f($).
I 1s the set of frequencies for which Fourier

coefficients were measured.
<K&GX$.#E+e

f.. =min, TV(f)such that® __ =1, ¥Tf,

Y = FourierBasis

|, : createdby choosingonly asubsebf rowsof identity matrix,
selectgust thosd~ouriercoefficierisbelongingo Q2.



A

=min, TV(f)such that f =1, ¥'f,

measured™

f

Y = Fourier Basis,

true

|, : created by choosing only a subset of rows of identity matrix,

selects just those Fourier coefficients belonging to 2.

@ <K&GX$HE+e

e =min, TV (f) such that V£, ... = [,P" (Vf),

easured

OHE-'2(-F(X#@+-'(-F(J'$/IGHE+(
2$IEG+&/#%

o HEGEH \#2#2M#N$(3CH@HL GY#(@-EY%+SE+(G2$I#(*$%(%3$'%#(J'$/GHE+%e

dix,y)# (g(x+Ly)" g(x,y)+i(glx,y+D" g(x,))
F(d(x,y))=@Q" i/ )F(g(x,y)+il" i/ )F(g(x,y))
=@+i" i/ +! )F(g(x,y))

* Q%(d-& ' G#' (+'SEY%F-"2(-F($(/# GX$+CX#(-F($(F&E @+G-E(G%(SE($33-3' GS+#.1(%@$.#/(X#'%G-E(
+*#(- GIGES.(FRE@+G-EY (LH(@SE($%6%&2H#(+*$+(LA(*SXH(LG+*(8&Yo(+*H(2HSY0& H2HE+%6(-F (+*#(
d-&'G#'(+'SEYOF-"2(-F (+*#(/# GX$+ G XH(-F(+*#(G2$I#V



Experiment by Candes, Romberg and Tao

« 4-+G@#(+*$+grad{ent magnitudes -F(+*#(3*$E+-2(G2$I#($'#(
sparseV

. &'(2HSY&HIHE+(2%+ GS(GE(+*GYU(@$%H(G%($(3$+GS.(d-&'GH# (2
ZE-LE(+-(M#(*GJ*.|(GE@-*#H#E+(LG+*(+*#(%3$+GS$. (I-2$GEe

o D*#(OFE-"2(L#($#(BHES.GaGEJ(GE(+*GY%(@$Y%o#(+& EYo(-&-+(+- (M (+
X$'G$+Gshfd total of gradient magnitudes -X#'(+*#(#E+G'#(G2$J#Ue

o WH(LSY%(+*GY(#S 34 GZEEMM ({-2M# J(SE/(D$-(T/-E#(S$-&E/(
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Experiment by Candes, Romberg and Tao

o 7-238H#(+*#(F-..-LGEJI(+L-(3-M.#2%"
min|¢| such thay = ®f =®¥H min, TV (f) such thay = DY’ f

o WE(+*#(F-"2#'(@3%#Y (LS #(2#$% &' GE I (+*#(G28p9ad8bGIES. (T
domainU(+*'-&J*@V/(
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\HFEAN(9-JSEY (1;'-3#'+GH% (-F @396%(%GIES.%1Y (*?(D*#%G%Y (7-.&2MG$(FEGX#' %G +IY (HAjK
Observations by Logan (1965)

» 7-E%G/H ($(MFIES2G+#/(YoFTEF(2$SG2& 2 (FHKEHAHE QI -" & 3+#(
MI{mpulse noise TGV#V(%3GZ#%U(-F($MG+'$'1(2SIEG+E&/AY (IG#./GI

@-"83+#/(%GIES.
y®) =1 +/(t)

o Oft+(+H*H#(%&33-+(-F(+*#(G23&. Yo (E-G Yo (MH#(%3$ Yot (GE (+G2#(TXS
$%6%8&23+G-EUY (*$XGEQYHE J+*(

o 7-E%G/# (+*#(F-..-LGEJ(#@-E%+&@+G-E(@'G+# G-EX

min |y - f| subject to Vo > B, f(w)=0



Observations by Logan (1965)

o W+(+&'E%(-&+(+*$+(+*GC% (‘#@-E%+'RERFECTENGE. AYefgardless
of the noise magnitudeY(B'-XG/#s/(+*$+(+*#(F-..-LG EJ(@-E/G+G-E(*-./%
B™ E
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Need for blind compressive sensing

o DSZH(SE-+*#(.—-Z($+(D*#-#2(PV
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Other extensions of the theory
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