
Cyber-Physical	System



Cognitive	Cyber-Physical	system



What	is	Cognitive	Cyber-Physical	System?



Cognitive	Processes	in	Human	Brain



Many mechanisms
• adaptation mechanisms
• energy efficiency
• learning in non-
stationary environments
• cognitive fault diagnosis
can be immediately cast 
within
a cognitive processing of
human brain



Emotional	Cognitive	Structure



Emotional	cognitive	structure:	lower	and	
upper	levels



Automated	and	Controlled	Processes



Automated	Processes



Reduced	latency



Controlled	Processes



Controlled	Processes



Processes	and	brain	regions



Amygdala



Basal	Ganglia



Lateral	prefrontal	and	association	cortices	
(LPAC)



Anterior	cingulate	cortex	(ACC)





Hippocampus





Decision	Making



Decision	Making	(2)





Adaptation	in	CPS



Need	for	adaptation



Application	mechanisms	in	CPS



Energy	Consumption



Adaptive	Sensing



Measurement	chain	:	Sensor	level



Adaptive	Sensing



Hierarchical	Sensing



Triggered	Sensing



Multi-scale	Sensing



Adaptive	Sampling



Activity		based	Sampling



Adaptive	Sampling:	Harvesting	Policy



Compressive	Sensing	(CS)

!"#$%&'#()*$+(,*-&./(0#("#$%&'#/1



Sensing	by	Sampling
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Sensing	by	Sampling	(2)
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Compression:	Toy	Example

BC



Discrete	Cosine	Transformation

D'$E%F-'2$+G-E

BH



Motivation

• )*I J- +- %-2&@*#FF-'++- $@K&G'#$.. +*# /$+$ L*#E 2-%+-F +*#
L*$+ L# J#+LG..M#+*'-LE $L$IN

• 7$E+L# O&%+/G'#@+.I2#$%&'#+*# 3$'+ +*$+L-E+ #E/ &3 M#GEJ
+*'-LE $L$IN

BP



Shannon’s	sampling	theorem

• Q(M$E/R.G2G+#/(%GJE$.(LG+*(2$SG2&2(F'#K&#E@I(B @$E(M#(accurately
'#@-E%+'&@+#/(F'-2(G+%(&EGF-'2.I(%3$@#/(/GJG+$.(%$23.#%(GF(+*#('$+#(-F(
%$23.GEJ(#S@##/%(2B T@$..#/(Nyquist rateUV

• WE/#3#E/#E+.I(/G%@-X#'#/(MI(,*$EE-EY()*G+$Z#'Y([-+#.EGZ-X$E/(
4IK&G%+V



Q@+&$.(QE$.-J(
,GJE$.

?GJG+$.(%GJE$.(
T%$23.#/(F'-2(
$E$.-J(%GJE$.U

,$23.#%

\#@-E%+'&@+#/(%GJE$.(
T'#@-E%+'&@+G-E(G%(
$@@&'$+#(GF(4IK&G%+]%
@-E/G+G-E(G%(%$+G%FG#/U



Band-limited	signal

• Q(+'&.I(M$E/R.G2G+#/(%GJE$.(G%($E(G/#$.(@-E@#3+($E/(L-&./(+$Z#(GEFGEG+#(
+G2#(+-(+'$E%2G+(-'(GEFGEG+#(2#2-'I(+-(%+-'#V

• 0#@$&%#($(band-limited	signal	can	never	be	time-limited	T-'(%3$@#R
.G2G+#/UV

• 0&+(2$EI(E$+&'$..I(-@@&''GEJ(%GJE$.%(L*#E(2#$%&'#/(MI($(%#E%GEJ(
/#XG@#($'#($33'-SG2$+#.I(M$E/R.G2G+#/(T#S$23.#^(@$2#'$(M.&''GEJ(
F&E@+G-E('#/&@#%(*GJ*(F'#K&#E@G#%UV



Aliasing

• ,$23.GEJ($E($E$.-J(%GJE$.(LG+*(2$SG2&2(F'#K&#E@I(0($+($('$+#(less	
than	or	equal	to	2B @$&%#%($E($'+GF$@+(@$..#/(aliasingV(

Q.G$%GEJ(L*#E(+*#(%$23.GEJ('$+#(.#%%(+*$E(P0_'GJGE$.(%GJE$.



Q.G$%GEJ(L*#E(+*#(%$23.GEJ('$+#(G%(#K&$.(+-(P0

4-($.G$%GEJ(L*#E(+*#(%$23.GEJ('$+#(G%(2-'#(+*$E(P0



Whittaker-Shannon	Interpolation	Formula

• \#@-E%+'&@+G-E(-F(+*#($E$.-J(%GJE$.(F'-2(G+%(/GJG+$.(%$23.#%(@$E(M#(
/-E#(MI(polynomial GE+#'3-.$+G-E(T3G#@#LG%#(.GE#$'Y(K&$/'$+G@Y(@&MG@(
#+@VU

• `-L#X#'(3-.IE-2G$.(GE+#'3-.$+G-E(*$%($%%-@G$+#/(#''-'%(L*G@*(+#E/(
+-(a#'-(-E.I(in	the	limit	of	infinite	samplesV

• 0&+(M$E/R.G2G+#/(%GJE$.%(@$E(M#(3#'F#@+.I('#@-E%+'&@+#/(F'-2($(finite	
number	of	digital	samples T%$23.#/($M-X#(4IK&G%+'$+#UV



Whittaker-Shannon	Interpolation	Formula

• D*#(-3+G2$.('#@-E%+'&@+G-E(F-'(M$E/R.G2G+#/(%GJE$.%(F'-2(+*#G'(/GJG+$.(
%$23.#%(3'-@##/%(&%GEJ(+*#(sinc interpolantV(W+(IG#./%($(+G2#R/-2$GE(
T-'(%3$@#R/-2$GE(%GJE$.(-F(GEFGEG+#(#S+#E+(LG+*(X$.&#%(+*$+($'#(X#'I(
%2$..(-&+%G/#($(@#'+$GE(LGE/-LUV

• D*#($%%-@G$+#/(F-'2&.$(G%(@$..#/()*G++$Z#'R,*$EE-E(GE+#'3-.$+G-E(
F-'2&.$V

!
"

#
$
%

&'!
"

#
$
%

&
(=!

"

#
$
%

& (
=

!
"
#

$
%
& (

!
"
#

$
%
& (

= )))
*+

(*=

*+

(*=

*+

(*= T
t

nTtnf
T
nTt

nf

T
nTt
T
nTt

nftf
nnn

sinc)()(sinc)(
sin

)()( +

"$JEG+&/#(-F(+*#(ER+*%$23.#

,$23.GEJ(3#'G-/(bHc,$23.GEJ(
'$+#



D*#(%GE@F&E@+G-E(TG+(G%(+*#(d-&'G#'(+'$E%F-'2(-F(+*#('#@+F&E@+G-EU



Some	limitations	of	Shannon’s	theorem

• D*#(%$23.#%(E##/(+-(M#(uniformly	spaced	T+*#'#($'#(#S+#E%G-E%(F-'(
E-ER&EGF-'2.I(%3$@#/(%$23.#%Y(LG+*(+*#(#K&GX$.#E+(-F(4IK&G%+'$+#(
M#GEJ($E($X#'$J#(%$23.GEJ('$+#UV

• D*#(%$23.GEJ('$+#(E##/%(+-(M#(very	high	GF(+*#(-'GJGE$.(%GJE$.(@-E+$GE%(
*GJ*#'(F'#K&#E@G#%(T+-($X-G/($.G$%GEJUV

• ?-#%(E-+($@@-&E+(F-'(%#X#'$.(EG@#(3'-3#'+G#%(-F(E$+&'$..I(-@@&''GEJ(
%GJE$.%(T#S@#3+(F-'(band-limitednessUV



What	is	Compressive	Sensing?

• ,GJE$.cG2$J#(@-23'#%%G-E($.J-'G+*2%(.GZ#(";<=Y(:;<=Y(:;<=RPCCC(#+@V(
+I3G@$..I(2#$%&'#(.$'J#($2-&E+%(-F(/$+$V

• D*#(/$+$(G%(+*#E(@-EX#'+#/(+-($(+'$E%F-'2(/-2$GE(L*#'#($(2$O-'G+I(-F(
+*#(+'$E%F-'2(@-#FFG@G#E+%(+&'E(-&+(+-(*$X#(E#$'Ra#'-(2$JEG+&/#($E/(
$'#(/G%@$'/#/V

• <S$23.#^($(/GJG+$.(@$2#'$(*$%($(/#+#@+-'($''$I(L*#'#(%#X#'$.(
+*-&%$E/(3GS#.(X$.&#%($'#(FG'%+(%+-'#/V(D*G%(P?($''$I(G%(F#/(+-(+*#(:;<=(
$.J-'G+*2(L*G@*(@-23&+#%(?7D(@-#FFG@G#E+%(-F(#$@*(M.-@Z(GE(+*#(
G2$J#Y(/G%@$'/GEJ(%2$..#'RX$.&#/(?7D(@-#FFG@G#E+%V



What	is	Compressive	Sensing?

• D*G%(!2#$%&'#($E/(+*'-L1(3$'$/GJ2(G%(L$%+#F&.e

• <%3#@G$..I(F-'(+G2#R@-E%&2GEJ($@K&G%G+G-E%(.GZ#("\WY(7DY(&.+'$%-&E/Y(
'$EJ#(/$+$(#+@V

• 7-23'#%%GX#(%#E%GEJ(G%($(E#L(+#@*E-.-JI(L*#'#(+*#(/$+$($'#($@K&G'#/(
GE($(@-23'#%%#/(F-'2$+e



What	is	Compressive	Sensing?

• D*#%#(@-23'#%%#/(2#$%&'#2#E+%($'#(+*#E(F#/(+-(%-2#(E-ER.GE#$'(
-3+G2Ga$+G-E($.J-'G+*2(T$.%-(@$..#/(GEX#'%G-E($.J-'G+*2U(+-(3'-/&@#(
+*#(@-23.#+#(%GJE$.V

• D*G%(3$'+(G%(G23.#2#E+#/(GE(%-F+L$'#V
• fE/#'(%&G+$M.#(@-E/G+G-E%(+*$+(+*#(-'GJGE$.(%GJE$.($E/(+*#(

2#$%&'#2#E+(%I%+#2(2&%+(F&.FG..Y(+*#('#@-E%+'&@+G-E(+&'E%(-&+(+-(
*$X#(X#'I(.G++.#(-'(#X#E(a#'-(#''-'e



Why	compressive	sensing?

• "&@*(T$%(GE(2-'#(+*$E(HCCC(+G2#%U(F#L#'(2#$%&'#2#E+%(E##/(+-(M#(
2$/#V

• "$I(/'$2$+G@$..I(G23'-X#($@K&G%G+G-E(%3##/(F-'("\WY('$EJ#(G2$J#%Y(
*I3#' R%3#@+'$.(/$+$V

• ;-+#E+G$.(+-(/'$2$+G@$..I(G23'-X#(XG/#-R@$2#'$(F'$2#('$+#%(LG+*-&+(
%$@'GFG@GEJ(%3$+G$.('#%-.&+G-EV



CS:	Theory

• 9#+($(-@@&''GEJ(E$+&'$..I(%GJE$.(M#(/#E-+#/(xV
• 9#+(&%(/#E-+#(+*#(2#$%&'#2#E+(-F(+*G%(%GJE$.(T&%GEJ(%-2#(/#XG@#U($%(
yV

• DI3G@$..IY(+*#(2$+*#2$+G@$.('#.$+G-E%*G3(M#+L##E(x $E/(y @$E(M#(
#S3'#%%#/($%($(.GE#$'(#K&$+G-E(-F(+*#(F-'2(y	=	FxV

• FG%(@$..#/(+*#(2#$%&'#2#E+(2$+'GS(T-'(+*#(!%#E%GEJ(2$+'GS1(-'(+*#(
!F-'L$'/(2-/#.1(-F(+*#(2#$%&'GEJ(/#XG@#UV

• d-'(%+$E/$'/(/GJG+$.(@$2#'$Y(FG%('#3'#%#E+#/(MI($(=$&%%G$E(M.&'V(



CS:	Theory

• \#.G#%(-E(+L-(2$GE(3'GE@G3.#%c'#K&G'#2#E+%^
HV4$+&'$.(%GJE$.%cG2$J#%(*$X#($(%3$'%#('#3'#%#E+$+G-E(GE(L#..RZE-LE(

-'+*-E-'2$. M$%#%(%&@*($%(d-&'G#'Y(?7DY(`$$' L$X#.#+(#+@V
PVD*#(2#$%&'#2#E+(2$+'GS(FG%(GE@-*#'#E+(T3--'.I(@-''#.$+#/U(LG+*(

+*#(%GJE$.(M$%G%((2$+'GS(YY(GV#V(+*#(%#E%GEJ(L$X#F-'2%(*$X#($(X#'I(
/#E%#('#3'#%#E+$+G-E(GE(+*#(%GJE$.(M$%G%V



Signal	Sparsity

• "$EI(%GJE$.%(*$X#(%3$'%#('#3'#%#E+$+G-E%(GE(%+$E/$'/(-'+*-E-'2$.
M$%#%(T/#E-+#/(*#'#($%(YUV

• <S$23.#^
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Signal	Sparsity



Incoherent	Sampling

• 7-E%G/#'($(%#E%GEJ(2$+'GS(F -F(%Ga#(! MI(" Y(L*#'#(! G%(2&@*(.#%%(+*$E(
"#TGF(!#$%#"Y(+*#'#(G%(E-(@-23'#%%G-E(GE(+*#(2#$%&'#2#E+%eUV

• )#(LG..($%%&2#(TF-'(@-EX#EG#E@#U(+*$+(#$@*('-L(-F(FG%(&EG+R
E-'2$.Ga#/V

• 7,(+*#-'I(%+$+#%(+*$+(F $E/(Y%*-&./(M#(GE@-*#'#E+(LG+*(#$@*(-+*#'V



Incoherent	Sampling

• D*#(@-*#'#E@#(M#+L##E(F $E/(YG%(/#FGE#/($%^(

• )#(L$E+(+*G%(K&$E+G+I(µ +-(M#($%(%2$..($%(3-%%GM.#V
• W+%(X$.&#($.L$I%(.G#%(GE(+*#('$EJ#(((((((((((V(

>!"<="!
##
## i

T
j

ni
mjn ,max),(

1
,1µ

),1( n

gO]R+* '-L(-F(F, i-th
column	of	Y



Incoherent	sampling:	Example

• 9#+(+*#(%GJE$.(M$%G%(YM#(+*#(d-&'G#'(M$%G%V(Q(%$23.GEJ(M$%G%(F +*$+(G%(
GE@-*#'#E+(LG+*(G+(G%(+*#(%+$E/$'/(%3GZ#(T?G'$@U(M$%G%^(((((((((((((((((((((((((
L*G@*(@-''#%3-E/%(+-(+*#(%G23.#%+(%$23.GEJ(M$%G%(GE(%3$@#(-'(+G2#V

• D*#($%%-@G$+#/(@-*#'#E@#(X$.&#(G%(H(TL*INUV
• D*G%(*$%(%-2#(@--.(G23.G@$+G-E%(F-'(%GJE$.('#@-E%+'&@+G-EV()#(LG..(

%--E(%##V

)()( kttk -=F d



Randomness	is	cool!	J

• ,#E%GEJ(2$+'G@#%(L*-%#(#E+'G#%($'#(GVGV/V('$E/-2(/'$L%(F'-2(=$&%%G$E(
-'(0#'E-&..G(ThHcRHU(/G%+'GM&+G-E%($'#(GE@-*#'#E+(LG+*(any FGS#/(M$%G%(
Y LG+*($(X#'I(*GJ*(3'-M$MG.G+IV

• W23.G@$+G-E^(L#(L$E+(-&'(%#E%GEJ(2$+'G@#%(+-(M#(*GJ*.I(@-''#.$+#/(
LG+*(#E+G+G#%(.GZ#(L*G+#(E-G%#e(J



Signal	Reconstruction

• 9#+(+*#(2#$%&'#/(/$+$(M#(JGX#E($%^

• D*#(@-#FFG@G#E+%(-F(+*#(%GJE$.(f GE(F i /#E-+#/($%(q i $E/(*#E@#(+*#(
%GJE$.(f G+%#.F(R@$E(M#('#@-X#'#/(MI(%-.XGEJ(+*#(F-..-LGEJ(@-E%+'$GE#/(
2GEG2Ga$+G-E(3'-M.#2^

nmRfRRy
fy

nnmm <<ÎÎFÎ

FY=F=
´ ,,,
,q

!! "#=ysuch that min
0



Signal	Reconstruction

• D*G%(G%($(X#'I(/GFFG@&.+(-3+G2Ga$+G-E(3'-M.#2(+-(%-.X#V(`#E@#Y($(%-F+#'(
X#'%G-E(TZE-LE($%(0$%G%(;&'%&G+U(G%(%-.X#/^

• D*G%(G%($(.GE#$'(3'-J'$22GEJ(3'-M.#2($E/(@$E(M#(%-.X#/(LG+*($EI(9;(
%-.X#'(TGE("$+.$MY(F-'(#S$23.#U(-'(LG+*(3$@Z$J#%(.GZ#(9HR2$JG@V

qq FY=ysuch that min
1



Signal	Reconstruction

• D*#(FG'%+(&%#(-F(9HRE-'2(F-'(%GJE$.('#@-E%+'&@+G-E(J-#%(M$@Z(+-($(;*?(
+*#%G%(GE(HAjk(i MI(9-J$EV(

• 9HRE-'2(L$%(&%#/(GE(J#-3*I%G@%(L$I(M$@Z(GE(HAl5(T'#F^(7.$#'M-&+$E/(
"&G'Y(!\-M&%+(2-/#.GEJ(LG+*(#''$+G@(/$+$1Y(=#-3*I%G@%Y(HAl5UV

• 9HRE-'2(G%(+*#(2-%+(3-3&.$'(%3$'%G+IR3'-2-+GEJ(3'G-'(GE(
@-E+#23-'$'I(7,Y(M&+(E-+(+*#(-E.I(-E#V(

• _+*#'(#S$23.#%^(='##/I($.J-'G+*2%(.GZ#(-'+*-J-E$.(2$+@*GEJ(3&'%&G+Y(
0$I#%G$E(2#+*-/%V



Theorem	1
• 7-E%G/#'($(%GJE$.(X#@+-'(f T*$XGEJ(.#EJ+*(" U(LG+*($(%3$'%#(

'#3'#%#E+$+G-E(GE(M$%G%(YY(GV#V(f= Yq, L*#'#(mq|0 nn(" V(,&33-%#(
f G%(2#$%&'#/(+*'-&J*(+*#(2#$%&'#2#E+(2$+'GS(F IG#./GEJ($(
X#@+-'(y -F(-E.I(!#&&#"#2#$%&'#2#E+%V(

WF( T' G%(%-2#(@-E%+$E+U(+*#E(+*#(
%-.&+G-E(+-(+*#(F-..-LGEJ(G%(exact LG+*(3'-M$MG.G+I(1-d^

qq FY=ysuch that min
1

nmRfRRy
fy

nnmm <<ÎÎFÎ

FY=F=
´ ,,,
,q

),()/log( 2

0
!"# µ$%nCm

\#F^(7$E/#%Y(\-2M#'J($E/(D$-Y(!\-M&%+(
fE@#'+$GE+I(;'GE@G3.#%^(<S$@+(,GJE$.(
\#@-E%+'&@+G-E(F'-2(`GJ*.I(WE@-23.#+#(
d'#K&#E@I(WEF-'2$+G-E1Y(W<<<(D'$E%$@+G-E%(-E(
WEF-'2$+G-E(D*#-'IY(d#M(PCCjV

\#F^(?-E-*- Y(!7-23'#%%#/(,#E%GEJ1Y(
W<<<(D'$E%$@+G-E%(-E(WEF-'2$+G-E(
D*#-'IY(Q3'G.(PCCjV



Comments	on	Theorem	1

• 9--Z($+(+*#(.-L#'(M-&E/(-E(+*#(E&2M#'(-F(2#$%&'#2#E+%(! ^

• D*#(sparser +*#(%GJE$.(f GE(+*#(@*-%#E(M$%G%(YY(+*#(F#L#'+*#(E&2M#'(-F(
%$23.#%('#K&G'#/(F-'(#S$@+('#@-E%+'&@+G-EV

• D*#(.-L#'(+*#(@-*#'#E@#(Tgreater	the	incoherenceU(M#+L##E(Y $E/(FY(+*#(
F#L#'+*#(E&2M#'(-F(%$23.#%('#K&G'#/(F-'(#S$@+('#@-E%+'&@+G-EV

• )*#E( d G%(%2$..#'Y(+*#(3'-M$MG.G+I(-F(#S$@+('#@-E%+'&@+G-E(G%(*GJ*#'V(D*#(
E&2M#'(-F(%$23.#%('#K&G'#/(G%(*GJ*#'Y(M&+(+*#(GE@'#$%#(GE(E&2M#'(-F(
%$23.#%(is	only	an	additive	factor	proportional	to	log	d.

),()/log( 2

0
!"# µ$%nCm



Comments	on	Theorem	1

• D*#($.J-'G+*2(+-('#@-E%+'&@+(f JGX#E(y 2$Z#%(NO	ASSUMPTIONS
$M-&+(+*#(sparsity -F(f	GEYY(-'(+*#(location/magnitude -F(+*#(E-ER
a#'-(@--'/GE$+#%(-F(qV

• D*#($.J-'G+*2(/-#%(E-+(*$X#($EI(E-+G-Ec@-E%G/#'$+G-E(F-'(!&EGF-'2.I(
%3$@#/(%$23.#%1(i &E.GZ#(4IK&G%+]%+*#-'#2V

• <X#E(+*-&J*(L#($'#(3#E$.GaGEJ(+*#(9H(E-'2(T$E/(E-+(9C(E-'2UY(L#($'#(
%+G..(J#++GEJ($('#@-E%+'&@+G-E(+*$+(G%(+*#(%3$'%#%+(TM#%G/#%(M#GEJ(
$@@&'$+#UV

• Q.+*-&J*(9HRE-'2(*$%(M##E(&%#/(GE(%3$'%#('#@-X#'I(F-'($(.-EJ(+G2#Y(
+*#(-3+G2$.G+I(3'--F(L$%(#%+$M.G%*#/(-E.I(GE(PCCk(MI(?-E-*- Y($E/(MI(
7$E/#%Y(\-2M#'J($E/(D$-V



Comments	on	Theorem	1:	A	New	Sampling	
Theorem?

• 9#+(+*#(%GJE$.(M$%G%(Y M#(+*#(d-&'G#'(M$%G%V(Q(%$23.GEJ(
M$%G%(F +*$+(G%(GE@-*#'#E+(LG+*(G+(G%(+*#(%+$E/$'/(%3GZ#(
T?G'$@U(M$%G%^((((((((((((((((((((((((((((((((((((((((((((((((((((((((
L*G@*(@-''#%3-E/%(+-(+*#(%G23.#%+(%$23.GEJ(M$%G%(GE(%3$@#(
-'(+G2#V

• 9#+(+*#(%GJE$.(f M#(%3$'%#(GE(+*G%(d-&'G#'(M$%G%V
• D*#E(JGX#E(Q4o(Tnot	necessarily	uniformly	spacedU(!

d-&'G#'(@-#FFG@G#E+%(-F(fY(L*#'#(((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((

L#(@$E(J#+($E(#S$@+('#@-E%+'&@+G-E(-F(f	LG+*(*GJ*(
3'-M$MG.G+IV(D*G%($@+%(.GZ#($(E#L(%$23.GEJ(+*#-'#2(+*$+(
/-#%(E-+('#K&G'#(&EGF-'2.I(%3$@#/(%$23.#%(-'(
M$E/.G2G+#/%GJE$.%V

)()( kttk -=F d

0

2

0
)/log( .e. i ),,()/log( !"µ!" nCmnCm #$%#



Restricted	Isometry Property

• )#(%$I(+*#(2$+'GS(A=FY -F(%Ga#(2(MI(E(-M#I%(+*#('#%+'G@+#/(G%-2#+'I
3'-3#'+I(-F(-'/#'( ( T( nb(! U(GF(A $33'-SG2$+#.I(3'#%#'X#%(+*#(%K&$'#/(
2$JEG+&/#(-F($EI((R%3$'%#(X#@+-'(qY(GV#V

• WF(A -M#I%(\W;(-F(-'/#'(,Y(E-((R%3$'%#(%GJE$.(@$E(.G#(GE(+*#(E&..R%3$@#(-F(A	TGF(
G+(/G/Y(+*#E(L#(L-&./(*$X#(

$E/(+*$+(-MXG-&%.I(/-#%(E-+(3'#%#'X#(+*#(%K&$'#/(2$JEG+&/#(-F(
+*#(X#@+-'(qUV

.10 where
,)1()1(
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Restricted	Isometry Property	(RIP)
• WF(A -M#I%(\W;(-F(-'/#'((Y($EI(%&M%#+(-F(( nb(m

@-.&2E%(F'-2(+*#(2$+'GS(A @-E%G%+%(-F(X#@+-'%(+*$+($'#(
$33'-SG2$+#.I(3$G'RLG%#(-'+*-J-E$.V(

• 4-+#(+*$+(+*#(/GFF#'#E@#(M#+L##E(+L-((R%3$'%#(
X#@+-'%(G%(P(R%3$'%#V(D*#E(GF(dP, nn(HY(L#(*$X#(+*#(
F-..-LGEJ^

• D*&%(GF(A -M#I%(\W;(-F(-'/#'(P(Y(G+(approximately	
preserves	the	squared	differences	between	any	two	
S-sparse	vectors.

• D*#(*GJ*#'(+*#(-'/#'(-F(+*#(\W;(3'-3#'+I($(2$+'GS(
-M#I%Y(+*#(!M#++#'1(+*$+(2$+'GSV
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Theorem	2

• ,&33-%#(+*#(2$+'GS(A=FY -F(%Ga#(! MI(" TL*#'#(%#E%GEJ(2$+'GS(F *$%(
%Ga#(! MI(" Y($E/(M$%G%(2$+'GS(Y *$%(%Ga#(" MI(" U(*$%(\W;(3'-3#'+I(-F(
-'/#'(P ( L*#'#( dP, n(CVBHV(9#+(+*#(%-.&+G-E(-F(+*#(F-..-LGEJ(M#(
/#E-+#/($%(q*Y(TF-'(%GJE$.(f	=	YqY(2#$%&'#2#E+(X#@+-'(y=FYq):

D*#E(L#(*$X#^
qq FY=ysuch that min
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qqqq

qqqq
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qS G%(@'#$+#/(MI('#+$GEGEJ(+*#((
.$'J#%+(2$JEG+&/#(#.#2#E+%(-F(
qY($E/(%#++GEJ(+*#('#%+(+-(CV



Comments	on	Theorem	2

• D*G%(+*#-'#2(%$I%(+*$+(+*#('#@-E%+'&@+G-E(F-'((R%3$'%#(%GJE$.%(G%(
always #S$@+V(

• )*#'#$%(D*#-'#2(H(%3-Z#(-F(#S$@+('#@-X#'I(with	high	probabilityV(
`#E@#(D*#-'#2(P(G%(2-'#(3-L#'F&.(+*$E(D*#-'#2(HV

• d-'(%GJE$.%(+*$+($'#(E-+((R%3$'%#Y(+*#('#@-E%+'&@+G-E(#''-'(G%($.2-%+($%(
J--/($%(L*$+(@-&./(M#(3'-XG/#/(+-(&%(MI($E(oracle L*G@*(ZE#L(+*#((
.$'J#%+(@-#FFG@G#E+%(-F(+*#(%GJE$.(fV



Comments	on	Theorem	2

• )#(ZE-L(+*$+(2-%+(%GJE$.%($'#(E#X#'(#S$@+.I(%3$'%#(GE(%+$E/$'/(
-'+*- RE-'2$.(M$%#%V(0&+(+*#I($'#(@-23'#%%GM.#Y(GV#V(+*#'#(G%($(%*$'3(
/#@$I(GE(+*#(@-#FFG@G#E+(2$JEG+&/#(LG+*(2$EI(@-#FFG@G#E+%(M#GEJ(
E#$'.I(a#'-e

• D*#-'#2(P(*$E/.#%(%&@*(@-23'#%%GM.#(%GJE$.%('-M&%+.IV(D*#-'#2(H(/G/(
E-+($33.I(+-(@-23'#%%GM.#(%GJE$.%e(`#'#($J$GEY(D*#-'#2(P(G%(2-'#(
3-L#'F&.(+*$E(D*#-'#2(HV



Compressive	Sensing	under	Noise

• ,-(F$'(L#($%%&2#/(+*$+(-&'(2#$%&'#2#E+%(L#'#(#S$@+Y(GV#V(((((((((((((((((((((((((((
V

• 0&+(3'$@+G@$.(2#$%&'#2#E+%($'#($.L$I%(E-G%I(%-(+*$+(((((((((((((((((((((((((((((((((((((
V

• fE/#'(+*#(%$2#($%%&23+G-E($%(M#F-'#Y(L#(@$E(#%+G2$+#(q MI(%-.XGEJ(
+*#(F-..-LGEJ(3'-M.#2^

!"#="= fy

hqh +FY=+F= fy

!"" #$%&
2

21
such that min y

7-EX#S(3'-M.#2Y(@$..#/($%(%#@-E/R-'/#'(
@-E#(3'-J'$2V(7$E(M#(%-.X#/(#FFG@G#E+.I(
LG+*(%+$E/$'/(3$@Z$J#%(GE@.&/GEJ(
"QD9Q0($E/(9HR"Q=W7



Theorem	3

• ,&33-%#(+*#(2$+'GS(A=FY -F(%Ga#(! MI(" TL*#'#(%#E%GEJ(2$+'GS(F *$%(
%Ga#(! MI(" Y($E/(M$%G%(2$+'GS(Y *$%(%Ga#(" MI(" U(*$%(\W;(3'-3#'+I(-F(
-'/#'(P ( L*#'#( dP, n(CVBHV(9#+(+*#(%-.&+G-E(-F(+*#(F-..-LGEJ(M#(
/#E-+#/($%(q*Y(TF-'(%GJE$.(f	=	YqY(2#$%&'#2#E+(X#@+-'(y=FYq):

D*#E(L#(*$X#^

eqqqq 11
0

2

* C
S

C
S +-£-q, G%(@'#$+#/(MI('#+$GEGEJ(+*#(,(

.$'J#%+(2$JEG+&/#(#.#2#E+%(-F(
qY($E/(%#++GEJ(+*#('#%+(+-(CV

!"" #$%&
2

21
such that min y



Comments	on	Theorem	3

• D*#-'#2(5(G%($(/G'#@+(#S+#E%G-E(-F(D*#-'#2(P(F-'(+*#(@$%#(-F(E-G%I(
2#$%&'#2#E+%V

• W+(%+$+#%(+*$+(+*#(%-.&+G-E(-F(+*#(@-EX#S(3'-J'$2(T%##(3'#XG-&%(%.G/#%U(
JGX#%($('#@-E%+'&@+G-E(#''-'(L*G@*(G%(+*#(%&2(-F(+L-(+#'2%^(THU(+*#(
#''-'(-F($E(-'$@.#(%-.&+G-E(L*#'#(+*#(-'$@.#(+-./(&%(+*#(( .$'J#%+(
@-#FFG@G#E+%(-F(+*#(%GJE$.(fY($E/(TPU($(+#'2(3'-3-'+G-E$.(+-(+*#(E-G%#(
X$'G$E@#V(

• D*#(@-E%+$E+%(' ) $E/(' * $'#(X#'I(%2$..(T.#%%(+*$E(-'(#K&$.(+-(kVk($E/(j(
'#%3#@+GX#.I(F-'(d+( %#CVPkUV



Randomness	is	super-cool!J

• 7-E%G/#'($EI(FGS#/(-'+*-E-'2$. M$%G%(YV
• d-'($(%#E%GEJ(2$+'GS(F@-E%+'&@+#/(GE($EI(-F(+*#(F-..-LGEJ(L$I%Y(+*#(

2$+'GS(A= FY, LG..(-M#I(+*#(\W;(-F(-'/#'(( LG+*(-X#'L*#.2GEJ(
3'-M$MG.G+I(3'-XG/#/(+*$+(+*#(E&2M#'(-F(%$23.#%(((((((((((((((((((((((((((((((((^

1. F @-E+$GE%(#E+'G#%(F'-2(a#'-R2#$E(=$&%%G$E(LG+*(X$'G$E@#(*,! V
2. F @-E+$GE%(#E+'G#%(LG+*(X$.&#%(((((((((((((((((((LG+*(3'-M$MG.G+I(CVk(

T%I22#+'G@(0#'E-&..GU(V
5V 7-.&2E%(-F(F $'#(%$23.#/(&EGF-'2.I('$E/-2.I(F'-2($(&EG+(%3*#'#(

GE(! R/G2#E%G-E$.(%3$@#V

)/log( SnCSm !

m/1±



Randomness	is	super-super-cool!J

• D*#%#(3'-3#'+G#%(-F('$E/-2(2$+'G@#%(*-./(+'&#(F-'($EI -'+*-E-'2$.
M$%G%(YV

• Q%(%&@*Y(L#(/-(E-+(E##/(+-(+&E#(F F-'($(JGX#E(YV
• 0&+(+*#'#($'#(2#+*-/%(+*$+(@$E(JGX#(F&'+*#'(G23'-X#/('#%&.+%(GF(I-&(

/-(%&@*($(+&EGEJV()#(2$I(%+&/I(+*-%#(+#@*EGK&#%(.$+#'(-E(/&'GEJ(+*#(
@-&'%#V



L1 norm	and	L0 norm
• D*#'#(G%($(%3#@G$.('#.$+G-E%*G3(M#+L##E(+*#(F-..-LGEJ(

+L-(3'-M.#2%(TL*G@*(L#(LG..(%+&/I(GE(@-23'#%%GX#(
%#E%GEJ(.$+#'(-EU^
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L1 is	good,	L2 is	bad.	Why?

Unit	Lp-circle	T/#FGE#/(M#.-LU(F-'(/GFF#'#E+(
X$.&#%(-F(3V(Left	sideY(+-3(+-(M-++-2Y(3(b(H(
T%K&$'#(LG+*(/G$J-E$.%(@-GE@G/GEJ(LG+*(
7$'+#%G$E($S#%UY(3(b(P(T@G'@.#(GE(+*#(
@-EX#E+G-E$.(%#E%#UY(3(b(GEFGEG+I(T%K&$'#(LG+*(
%G/#%(3$'$..#.(+-(+*#($S#%Up(right	sideY(3(b(Pc5(
T$%+'-G/UV
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L1 is	good,	L2 is	bad.	Why?

• 9--Z($+(+*#(M$%G@(3'-M.#2(L#($'#(+'IGEJ(+-(%-.X#^

• WE(P?(TGV#V(aY(y M#GEJ(P?(X#@+-'%($E/(y	=	Fa M#GEJ($(.GE#(GE(P?(%3$@#UY(+*#(3'-M.#2(@$E(M#(
'#3'#%#E+#/($%(+*#(F-..-LGEJ(/G$J'$2^(

aa F=y
p
such that min

\#F^(\-2M#'JY(
!W2$JGEJ(XG$(
@-23'#%%GX#(
%$23.GEJ1Y(
W<<<(,GJE$.(
;'-@#%%GEJ(
"$J$aGE#Y(
"$'@*(PCC6V



aa F=y
p
such that min

• 4-+#(+*$+(+*#(.GE#(y	=	Fa '#3'#%#E+%($(`Q\?(@-E%+'$GE+Y(GV#V($EI(X#@+-'(a 2&%+(%$+G%FI(+*G%(
@-E%+'$GE+V
•)#(L$E+(+-(FGE/(+*#(X#@+-'(a LG+*(2GEG2&2(93RE-'2(L*G@*(%$+G%FG#%(+*G%(@-E%+'$GE+V
•,-(L#(J'-L(@G'@.#%((-F(GE@'#$%GEJ('$/G&%(T/#E-+#/($%(- $E/(/#FGE#/(GE(+*#(%#E%#(-F(+*#(93RE-'2U(
%+$'+GEJ(F'-2(+*#(-'GJGEY(&E+G.(+*#(@G'@.#(+-&@*#%(+*#(.GE#(y	=	Fa.
• D*#(X#'I(FG'%+(+G2#(+*#(@G'@.#(+-&@*#%(+*#(.GE#Y(JGX#%(&%(+*#(%-.&+G-E(T+*#(%#@-E/(+G2#Y(+*#(@G'@.#(
LG..(*$X#($(J'#$+#'('$/G&%($E/(*#E@#(+*#(%-.&+G-E(X#@+-'(a LG..(*$X#(*GJ*#'(93RE-'2UV
• d-'(+*#(9HRE-'2Y(+*#(%-.&+G-E(X#@+-'(a LG..(M#(%3$'%#(T%##(2G//.#(FGJ&'#UV(d-'(+*#(9PRE-'2Y(+*#(
%-.&+G-E(X#@+-'(LG..(E-+(M#(%3$'%#(T'GJ*+2-%+(FGJ&'#UV



L1 is	good,	L2 is	bad.	Why?

• D*#(9HRE-'2(2GEG2Ga$+G-E(T%&MO#@+(+-(+*#(@*-%#E(@-E%+'$GE+U(G%(J&$'$E+##/(+-(JGX#(+*#(
%3$'%#%+(3-%%GM.#(%-.&+G-E%(3'-XG/#/(+*#(@-E/G+G-E%(-F(+*#-'#2%(HY(P($E/(5($'#(2#+V

• 4-+#(+*$+(L#(J#+(+*#(%3$'%#%+(3-%%GM.#(%-.&+G-E%(#X#E(+*-&J*(+*#(9HRE-'2(G%($(%-F+#E#/(
X#'%G-E(-F(+*#(9CRE-'2e



Compressive	Sensing:	Toy	Example	with	
images
• )#(LG..(@-23$'#(G2$J#('#@-E%+'&@+G-E(MI(+L-(/GFF#'#E+(2#+*-/%V
• )#(L-E]+(/-(+'&#(@-23'#%%GX#(%#E%GEJV(WE%+#$/(L#]..($33.I(/GFF#'#E+(+I3#%(-F(

%#E%GEJ(2$+'G@#%(F%IE+*#+G@$..I(TGE(%-F+L$'#U(+-($E(G2$J#(.-$/#/(GE+-(
2#2-'IY(2#'#.I(F-'(#S$23.#(%$Z#V

• WE(+*#(FG'%+(2#+*-/Y(L#(@-23&+#(+*#(?7D(@-#FFG@G#E+%(-F($E(G2$J#(T%Ga#(. b(kHP(
S(kHPUY($E/('#@-E%+'&@+(+*#(G2$J#(&%GEJ(+*#(! .$'J#%+($M%-.&+#(X$.&#(?7D(
@-#FFG@G#E+%(T$E/($(%G23.#(2$+'GS(+'$E%3-%#UV(! G%(X$'G#/(F'-2(HCCC(+-(5CCCCV

• 4-+#(+*$+(+*G%(G%(#K&GX$.#E+(+-(&%GEJ($(%#E%GEJ(2$+'GS(F -F(%Ga#(! MI(. V(



Compressive	Sensing:	Toy	Example	with	
images
• WE(+*#(%#@-E/(2#+*-/Y(L#('#@-E%+'&@+(+*#(G2$J#(&%GEJ(+*#(FG'%+(HCCC(

.$'J#%+(?7D(@-#FFG@G#E+%($E/($('$E/-2(%#.#@+G-E(-F(+*#('#2$GEGEJ(
-E#%Y(IG#./GEJ($(+-+$.(-F(! @-#FFG@G#E+%Y(L*#'#(! G%($J$GE(X$'G#/(F'-2(
HCCC(+-(5CCCCV

• D*#(%#E%GEJ(2$+'GS(FG%($33'-3'G$+#.I($%%#2M.#/V
• WE(+*G%(@$%#Y(+*#('#@-E%+'&@+G-E(3'-@##/%(MI(%-.XGEJ(+*#(F-..-LGEJ(

-3+G2Ga$+G-E(3'-M.#2^

qq FY=ysuch that min
1



Compressive	Sensing:	Toy	Example	with	images

0#++#'(#/J#(3'#%#'X$+G-E(LG+*(+*#(
'$E/-2.I($%%#2M.#/(F i L*G@*(
$@+&$..I(&%#%(%-2#(*GJ*(F'#K&#E@I(
GEF-'2$+G-E(T&E.GZ#(@-EX#E+G-E$.(?7D(
L*G@*(/G%@$'/%(*GJ*#'(F'#K&#E@G#%U



Compressive	Sensing:	Toy	Example	with	
images
• WE(+*#(%#@-E/(2#+*-/Y(+*#('#@-E%+'&@+G-E('#%&.+%($'#(-F(M#++#'(K&$.G+I($E/(*GJ*#'(

;,4\(T red @&'X#U($%(@-23$'#/(+-(+*#(FG'%+(2#+*-/(Tblue @&'X#UV
• D*#(green @&'X#(GE/G@$+#%(+*#('#@-E%+'&@+G-E('#%&.+%(LG+*(+*#(F-..-LGEJ(

2GEG2Ga$+G-E(3'-M.#2Y(M&+(&%GEJ(+*#(%$2#(%#+(-F(?7D(@-#FFG@G#E+%($%(GE(+*#(FG'%+(
@$%#^

• D*#('#%&.+%(-F(+*G%(+*G'/(2#+*-/(Tgreen @&'X#U($'#(GE+#'2#/G$+#(M#+L##E(+*#(FG'%+(
+L-V(W+(GE/G@$+#%(+*#(superiority	of	the	L1-method	(green)	over	simple	pseudo-
inverse	or	matrix	transpose	(blue)V(W+($.%-(GE/G@$+#%(+*$+(choosing	a	random	set	
of	DCT	coefficients	(red)	is	better	than	taking	only	the	low	frequency	DCT	
coefficients	(green)V(

qq FY=ysuch that min
1



Compressed	Sensing	for	Piecewise	Constant	
Signals
• WE(+*#(@$%#(-F(3G#@#LG%#(@-E%+$E+(%GJE$.%cG2$J#%Y(+*#(J'$/G#E+%($'#(

%3$'%#(Ta#'-(#X#'IL*#'#(#S@#3+($.-EJ(#/J#%UV
• d-'(%&@*(G2$J#%Y(L#(@$E(%-.X#(+*#(F-..-LGEJ(3'-M.#2(TM$%#/(-E(+-+$.(

X$'G$+G-E(-'(DqRE-'2U^

ectorgradient v 2D  theof normL1

)(

,such that  )(min
22

-=

+¬

FY=

òò dxdyfffTV

fyfTV

yx

T D*G%(-3+G2Ga$+G-E(3'-M.#2(G%(@$..#/($(%#@-E/(
-'/#'(@-E#(3'-J'$2V(W+(@$E(M#(%-.X#/(
#FFG@G#E+.I(&%GEJ(3$@Z$J#%(.GZ#(9HR2$JG@V()#(
LG..(E-+(J-(GE+-(2-'#(/#+$G.%Y(M&+(+*#(
/-@&2#E+$+G-E(-F(9HR2$JG@(G%($(J--/(%+$'+GEJ(
3-GE+(F-'(+*#(@&'G-&%('#$/#'%V



Theorem	4	(similar	to	Theorem	1)
• 7-E%G/#'($(3G#@#LG%#(@-E%+$E+(%GJE$.(f T*$XGEJ(.#EJ+*(" UV(,&33-%#(

@-#FFG@G#E+%(-F(f $'#(2#$%&'#/(+*'-&J*(+*#(2#$%&'#2#E+(2$+'GS(F
IG#./GEJ($(X#@+-'(y -F(-E.I(!#&&#"#2#$%&'#2#E+%V(
WF( T' G%(%-2#(@-E%+$E+U(+*#E(+*#(%-.&+G-E(
+-(+*#(F-..-LGEJ(G%(exact LG+*(3'-M$MG.G+I(1-d^

fyfTV T
f FY=such that  )(min nmRfRRy nnmm <<!!"! # ,,,

),()/log( 2

0
!"# µ$%nCm

\#F^(7$E/#%Y(\-2M#'J($E/(D$-Y(!\-M&%+(fE@#'+$GE+I(;'GE@G3.#%^(<S$@+(,GJE$.(\#@-E%+'&@+G-E(F'-2(
`GJ*.I(WE@-23.#+#(d'#K&#E@I(WEF-'2$+G-E1Y(W<<<(D'$E%$@+G-E%(-E(WEF-'2$+G-E(D*#-'IY(d#M(PCCjV



Experiment	by	Candes,	Romberg	and	Tao

\#F^(7$E/#%Y(\-2M#'J($E/(
D$-Y(!\-M&%+(fE@#'+$GE+I(
;'GE@G3.#%^(<S$@+(,GJE$.(
\#@-E%+'&@+G-E(F'-2(`GJ*.I(
WE@-23.#+#(d'#K&#E@I(
WEF-'2$+G-E1Y(W<<<(
D'$E%$@+G-E%(-E(WEF-'2$+G-E(
D*#-'IY(d#M(PCCjV



Experiment	by	Candes,	Romberg	and	Tao

• D*#(+-3R.#F+(G2$J#(T3'#XG-&%(%.G/#U(G%($(%+$E/$'/(3*$E+-2(&%#/(GE(
2#/G@$.(G2$JGEJ(R@$..#/($%(9-J$ER,*#33 3*$E+-2V(

• D*#(+-3R'GJ*+(G2$J#(%*-L%(PP('$/G$.(/G'#@+G-E%(LG+*(kHP(%$23.#%(
$.-EJ(#$@*Y('#3'#%#E+GEJ(+*-%#(d-&'G#'(F'#K&#E@G#%(T'#2#2M#'(L#(
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Experiment	by	Candes,	Romberg	and	Tao
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Experiment	by	Candes,	Romberg	and	Tao

• 4-+G@#(+*$+(+*#(gradient	magnitudes	-F(+*#(3*$E+-2(G2$J#($'#(
sparseV

• _&'(2#$%&'#2#E+(2$+'GS(GE(+*G%(@$%#(G%($(3$'+G$.(d-&'G#'(2$+'GSV(W+(G%(
ZE-LE(+-(M#(*GJ*.I(GE@-*#'#E+(LG+*(+*#(%3$+G$.(/-2$GEe
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Experiment	by	Candes,	Romberg	and	Tao

• 7-23$'#(+*#(F-..-LGEJ(+L-(3'-M.#2%^
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domainU(+*'-&J*(FV(

• WE(+*#(%#@-E/(@$%#Y(L#($'#(2$ZGEJ(2#$%&'#2#E+%(GE(+*#(frequency	
domain	Td-&'G#'(@-#FFG@G#E+(2$JEG+&/#%U(+*'-&J*(FV

fyfTV T
f FY=such that  )(minqq FY=F= fysuch that min

1



Observations	by	Logan	(1965)

• 7-E%G/#'($(M$E/R.G2G+#/(%GJE$.(f T-F(2$SG2&2(F'#K&#E@I(/ U(@-''&3+#/(
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Observations	by	Logan	(1965)

• W+(+&'E%(-&+(+*$+(+*G%('#@-E%+'&@+G-E(IG#./%(PERFECT '#%&.+%regardless	
of	the	noise	magnitudeY(3'-XG/#/(+*$+(+*#(F-..-LGEJ(@-E/G+G-E(*-./%^
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Need	for	blind	compressive	sensing
• D$Z#($E-+*#'(.--Z($+(D*#-'#2(PV
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Other	extensions	of	the	theory

• D*#-'#2%(HY(PY(5($33.I(F-'(-'+*-E-'2$. M$%#%V(D*#(+*#-'I(*$%(M##E('#@#E+.I(
#S+#E/#/(+-(*$E/.#(over-complete	bases	$%(L#..(TRef: 7$E/#%#+($.Y(!7-23'#%%#/(
%#E%GEJ(LG+*(@-*#'#E+($E/('#/&E/$E+(/G@+G-E$'G#%1Y(1223456#7"6#'8!29:7:48"73#
;7-!8"4<#1"73=>4>?PCHCUV
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