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Fibonacci Heaps (contd..)

@ A Potential function for Fibonacci Heap is defined as
®(H) = t(H) + 2m(H) where t(H) is trees in root-list and m(H) is
number of black node
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Fibonacci Heaps (contd..)

@ A Potential function for Fibonacci Heap is defined as
®(H) = t(H) + 2m(H) where t(H) is trees in root-list and m(H) is
number of black node

@ For following FH
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Fibonacci Heaps (contd..)

@ A Potential function for Fibonacci Heap is defined as
®(H) = t(H) + 2m(H) where t(H) is trees in root-list and m(H) is
number of black node

@ For following FH
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@ O(H)=5+2x3=11
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Fibonacci Heaps (contd..)

@ A Potential function for Fibonacci Heap is defined as
®(H) = t(H) + 2m(H) where t(H) is trees in root-list and m(H) is
number of black node

@ For following FH
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@ O(H)=5+2x3=11
@ Unit of potential can pay for a constant amount of work (sufficiently
large to cover the cost of any constant-time pieces of work)
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Fibonacci Heaps (contd..)

@ A Potential function for Fibonacci Heap is defined as
®(H) = t(H) + 2m(H) where t(H) is trees in root-list and m(H) is
number of black node

@ For following FH
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@ O(H)=5+2x3=11
@ Unit of potential can pay for a constant amount of work (sufficiently
large to cover the cost of any constant-time pieces of work)

@ Let D(n) be the the maximum degree of any node in an n-node
Fibonacci heap
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Fibonacci Heaps (contd..)

@ Creating a new Fibonacci heap: (H) =0

Design & Analysis of Algo. (CS F364) T Th S (12-1PM) 6164@BITS-Pilani



Fibonacci Heaps (contd..)

@ Creating a new Fibonacci heap: (H) =0
@ Inserting a node: ®(H) == ®(H) + 1

H.min H.min

Design & Analysis of Algo. (CS F364) T Th S (12-1PM) 6164@BITS-Pilani Lecture-kt17 (Mar 04, 2017) 3/12



Fibonacci Heaps (contd..)

@ Creating a new Fibonacci heap: (H) =0
@ Inserting a node: ®(H) == ®(H) + 1

H.min H.min

@ Uniting two Fibonacci heaps: ®(H) == ®(H;) + ¢(Ho)
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Extracting the minimum node

ConsoLmaTe(H) FiB-HEAP-EXTRACT-MIN(H)
1 let A[0..D(H.n)] be a new array .
2 fori = 0to D(H.n) Iz = H.min
3 Ali] = NIL 2 ifz #NIL
4 for each node w in the root list of H 3 for each child x of z
5 r=w 4 add x to the root list of H
6 d = x.degree
7 while Ald] £ NIL > X-p = NIL A
8 y = Ald] // another node with the same degree as x 6 remove z from the root list of H
9 if x.key > y.key 7 if z == z.right
10 exchange x with y 8 H.min = NIL
11 FIB-HEAP-LINK (H, y,x) 9 else H.min = z.right
12 Ald] = NIL 10 CONSOLIDATE (H)
13 d=d+1
1 Ald] = 11 Hn=Hn—-1

12 return z
16 fori = 0to D(H.n)

17 if Afi] # NIL

18 if H.min == NIL

19 create a root list for H containing just A[i]
20 H.min = A[i]

21 else insert A[i] into H s root list

22 if A[i].key < H.min.key

23 H.min = A[i]

FIB-HEAP-LINK (H, y, x)

1 remove y from the root list of H
2 make y a child of x, incrementing x.degree
3 y.mark = FALSE
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Extracting the minimum node

CONSOLIDATE(H
) FIB-HEAP-EXTRACT-MIN (H)
1 let A[0..D(H.n)] be a new array .
2 fori = 0to D(H.n) Iz = H.min
3 Ali] = NIL 2 ifz #NIL
4 for each node w in the root list of H 3 for each child x of z
5 r=w 4 add x to the root list of H
6 d = x.degree 5 = NIL
7 while A[d] # NIL . *-p T of
8 y = Ald] // another node with the same degree as x fcmove z .rom the root list of H
9 if x.key > y.key 7 if z == z.right
10 exchange x with y 8 H.min = NIL
11 FIB-HEAP-LINK (H, y,x) 9 else H.min = z.right
2 Ald] = N1 10 CONSOLIDATE (H )
13 d=d+1 11 Hn=H 1
14 Ald) = x =

12 return z
16 fori = 0to D(H.n)

17 if Afi] # NIL

18 if H.min == NIL . . .
19 create a root list for H containing just A[i] o POtentIa| befO re eXtraC'[IOI’] IS
20 H.min = A[i]

21 else insert A[i] into H s root list t(H) + 2m(H)

22 if A[i].key < H.min.key

23 H.min = A[i]

FIB-HEAP-LINK (H, y, x)

1 remove y from the root list of H
2 make y a child of x, incrementing x.degree
3 y.mark = FALSE
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Extracting the minimum node

C H
ONSOLIDATE(H) FIB-HEAP-EXTRACT-MIN (H )
1 let A[0..D(H.n)] be a new array .
2 fori =0toD(H.n) 1 z = H.min
3 Ali] = NIL 2 ifz #NIL
4 for each node w in the root list of H 3 for each child x of z
5 r=w 4 add x to the root list of H
6 d = x.degree 5 _
7 while A[d] # NIL X.p = NIL )
8 y = Ald] // another node with the same degree as x 6 remove z from the root list of H
9 if x.key > y.key 7 if z == z.right
10 exchange x with y 8 H.min = NIL
u FI[‘Z‘]HEAP'LINK (H,y,%) 9 else H.min = z.right
12 Ald] = NIL
5 PR i(l) u ”C_OI\EOnLID{%TE(H)
14 Ald] = x =
15 H.min = NIL 12 return z
16 fori = 0to D(H.n)
17 if Afi] # NIL
18 if H.min == NIL . . .
19 create a root list for H containing just A[i] o Potent|a| befO re eXtraCtIOI’] IS
20 H.min = A[i]
21 else insert A[i] into H s root list t(H) + 2m(H)
22 if A[i].key < H.min.key L.
= H.min = 0] @ After it is at most
FIB-HEAP-LINK (H, y, x) (D(n) + 1 ) + 2m( H)

1 remove y from the root list of H
2 make y a child of x, incrementing x.degree
3 y.mark = FALSE

Design & Analysis of Algo. (CS F364) T Th S (12-1PM) 6164@BITS-Pilani Lecture-kt17 (Mar 04, 2017) 4/12



Extracting the minimum node

C H
ONSOLIDATE(H) FIB-HEAP-EXTRACT-MIN (H )
1 let A[0..D(H.n)] be a new array .
2 fori =0toD(H.n) 1 z = H.min
3 Ali] = NIL 2 ifz #NIL
4 for each node w in the root list of H 3 for each child x of z
5 r=w 4 add x to the root list of H
6 d = x.degree 5 _
7 while A[d] # NIL X.p = NIL )
8 y = Ald] // another node with the same degree as x 6 femove < flrom the root list of H
9 if x.key > y.key 7 if z == z.right
10 exchange x with y 8 H.min = NIL
i ; il{l;—lHEAP-LINK (H,y,x) 9 else H.min = z.right
= NIL
s R i(l) u C_OI\:OLIDI%TE(H)
14 Ald] = x = dn=
15 H.min = NIL 12 return z
16 fori = 0to D(H.n)
17 if Afi] # NIL
18 if H.min == NIL . . .
19 create a root list for H containing just Ali] * ] Potentlal befo re extraction Is
20 H.min = A[i]
21 else insert A[i] into H s root list t(H) + 2m(H)
22 ifA[i].Jce).J<H.nfin.key L.
= H.min = 0] @ After it is at most
FIB-HEAP-LINK (H, y. x) D n 1 2m H
1 remove y from the root list of H ( ( ) + ) + ( )
2 make y a child of x, incrementing x.degree
3 y.mark = FALSE (] SO O(D(n))
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Bounding Maximum Degree

Lemma-01

Let y1, Y2, ..., Yx.degree D€ the children of x in order they are linked then
yi.degree > i — 2 for i > 1
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Bounding Maximum Degree

Lemma-01

Let y1, Y2, ..., Yx.degree D€ the children of x in order they are linked then
yi.degree > i — 2 for i > 1

Proof:

@ y; was linked when yq, yo, ..., yi_1 were already there so,
x.degree > | — 1
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Bounding Maximum Degree

Lemma-01

Let y1, Y2, ..., Yx.degree D€ the children of x in order they are linked then
yi.degree > i — 2 for i > 1

Proof:

@ y; was linked when yq, yo, ..., yi_1 were already there so,
x.degree > | — 1

@ But, y; and x can only be linked if their degree be same
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Bounding Maximum Degree

Lemma-01

Let y1, Y2, ..., Yx.degree D€ the children of x in order they are linked then
yi.degree > i — 2 for i > 1

Proof:

@ y; was linked when yq, v, ..., yi_1 were already there so,
x.degree > | — 1

@ But, y; and x can only be linked if their degree be same
@ Therefore, at the time of linkage y;.degree > i — 1
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Bounding Maximum Degree

Lemma-01

Let y1, Y2, ..., Yx.degree D€ the children of x in order they are linked then
yi.degree > i — 2 for i > 1

Proof:

@ y; was linked when yq, v, ..., yi_1 were already there so,
x.degree > | — 1

@ But, y; and x can only be linked if their degree be same

@ Therefore, at the time of linkage y;.degree > i — 1

@ Since then it may have lost one child so
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Bounding Maximum Degree

Lemma-01

Let y1, Y2, ..., Yx.degree D€ the children of x in order they are linked then
yi.degree > | — 2 for i > 1

Proof:
@ y; was linked when yq, v, ..., yi_1 were already there so,
x.degree > | — 1
@ But, y; and x can only be linked if their degree be same
@ Therefore, at the time of linkage y;.degree > i — 1
@ Since then it may have lost one child so
@ y;.degree > i —2
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Bounding Maximum Degree
Fibonacci Sequence: Fp =0, F1 =1, Fh=Fp_1+ Fp2
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Bounding Maximum Degree

Fibonacci Sequence: Fp =0, Fy =1, Fp = Fh_1 + Fp2
Lemma-02

For kK > 0,

K
Fipa=1+) Fi
=0
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Bounding Maximum Degree
Fibonacci Sequence: Fp =0, F1 =1, Fh=Fp_1+ Fp2

Lemma-02
For kK > 0,
k
Frio =1+ Z Fi
i=0

Proof: Use induction (Base case, for kK = 0, is trivial)
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Bounding Maximum Degree
Fibonacci Sequence: Fp =0, F1 =1, Fh=Fp_1+ Fp2

Lemma-02
For kK > 0,
k
Frio =1+ Z Fi
i=0

Proof: Use induction (Base case, for kK = 0, is trivial)

Fri2
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Bounding Maximum Degree
Fibonacci Sequence: Fp =0, F1 =1, Fh=Fp_1+ Fp2

Lemma-02
For kK > 0,
k
Frio =1+ Z Fi
i=0

Proof: Use induction (Base case, for kK = 0, is trivial)

Fri2

Fi + Fr

Design & Analysis of Algo. (CS F364) T Th S (12-1PM) 6164@BITS-Pilani Lecture-kt17 (Mar 04, 2017) 6/12



Bounding Maximum Degree
Fibonacci Sequence: Fp =0, F1 =1, Fh=Fp_1+ Fp2
Lemma-02

For kK > 0,
k

Fio =1+ F
i=0

Proof: Use induction (Base case, for kK = 0, is trivial)

Fi+2
= Fx+ Friq

= Fk+(1+kziF,->
i=0
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Bounding Maximum Degree
Fibonacci Sequence: Fp =0, F1 =1, Fh=Fp_1+ Fp2

Lemma-02
For kK > 0,
k
Frio =1+ Z Fi
i=0

Proof: Use induction (Base case, for kK = 0, is trivial)

Fit2
= Fx+ Fyqq
k—1
= F+(1+2F)
i=0
. 1
= 1+) F
i=0
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Bounding Maximum Degree

Golden ration: ¢ = (1 + ,/(5))/2 is root of the equation x? = x + 1

Lemma-03 J
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Bounding Maximum Degree

Golden ration: ¢ = (1 + ,/(5))/2 is root of the equation x? = x + 1

Lemma-03
Fiio > oK J

Design & Analysis of Algo. (CS F364) T Th S (12-1PM) 6164@BITS-Pilani Lecture-kt17 (Mar 04, 2017) 7/12



Bounding Maximum Degree

Golden ration: ¢ = (1 + ,/(5))/2 is root of the equation x? = x + 1
Lemma-03

Proof: Use induction (Base case, for k = 0, is trivial)
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Bounding Maximum Degree

Golden ration: ¢ = (1 + ,/(5))/2 is root of the equation x? = x + 1
Lemma-03

Proof: Use induction (Base case, for k = 0, is trivial)

Fiyo
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Bounding Maximum Degree

Golden ration: ¢ = (1 + ,/(5))/2 is root of the equation x? = x + 1
Lemma-03

Proof: Use induction (Base case, for k = 0, is trivial)

Fki2
= Frp1+ Fg
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Bounding Maximum Degree

Golden ration: ¢ = (1 + ,/(5))/2 is root of the equation x? = x + 1
Lemma-03

Proof: Use induction (Base case, for k = 0, is trivial)

Fkio2
= Frp1+ Fg
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Bounding Maximum Degree

Golden ration: ¢ = (1 + ,/(5))/2 is root of the equation x? = x + 1
Lemma-03

Fiio > oK J

Proof: Use induction (Base case, for k = 0, is trivial)

Fri2
= Frp1+ Fg
S kT | k-2
= O (D 1) =0F2(e?)
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Bounding Maximum Degree

Golden ration: ¢ = (1 + ,/(5))/2 is root of the equation x? = x + 1

Lemma-03
Fipo > oK J
Proof: Use induction (Base case, for k = 0, is trivial)
Fki2

= Frp1+ Fg

> of T4 k2

= O (D 1) =0F2(e?)

— ok
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Bounding Maximum Degree

Lemma-04
size(x) > Fx o > ®K where k = x.dergee for an node x in FH J
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Bounding Maximum Degree
Lemma-04

size(x) > Fy.p > ®X where k = x.dergee for an node x in FH

Proof: Let s, be minimum size of a node having degree k. (Bases
casesare so=1, 81 =2)
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Bounding Maximum Degree
Lemma-04

size(x) > Fy.p > ®X where k = x.dergee for an node x in FH

Proof: Let s, be minimum size of a node having degree k. (Bases
casesare so=1, 81 =2)

size(x) > s
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Bounding Maximum Degree
Lemma-04

size(x) > Fy.p > ®X where k = x.dergee for an node x in FH

Proof: Let s, be minimum size of a node having degree k. (Bases
casesare so=1, 81 =2)

size(x) > s
K

> 2+ Z Sy, .degree
i=2
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Bounding Maximum Degree
Lemma-04

size(x) > Fy.p > ®X where k = x.dergee for an node x in FH

Proof: Let s, be minimum size of a node having degree k. (Bases
casesare so=1, 81 =2)

size(x) > s

k k
> 2+ Z Sy;.degree > 2 + z Sji—2
i=2 i=2
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Bounding Maximum Degree
Lemma-04

size(x) > Fy.p > ®X where k = x.dergee for an node x in FH

Proof: Let s, be minimum size of a node having degree k. (Bases
casesare so=1, 81 =2)

size(x) > s

k k
> 2+ Z Sy;.degree = 2 + z Sji—2
i=2 i=2

Use induction to show s, > Fx o (base case is trivial). Consider i > 2
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Bounding Maximum Degree
Lemma-04

size(x) > Fy.p > ®X where k = x.dergee for an node x in FH

Proof: Let s, be minimum size of a node having degree k. (Bases
casesare so=1, 81 =2)

size(x) > s

k k
> 2+ Z Sy;.degree = 2 + Z Sji—2
i=2 i=2

Use induction to show s, > Fx o (base case is trivial). Consider i > 2

k
Sk > 2—|-ZF,'
=2
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Bounding Maximum Degree
Lemma-04

size(x) > Fy.p > ®X where k = x.dergee for an node x in FH

Proof: Let s, be minimum size of a node having degree k. (Bases
casesare so=1, 81 =2)

size(x) > s

k k
> 2+ Z Sy;.degree = 2 + Z Sji—2
i=2 i=2

Use induction to show s, > Fx o (base case is trivial). Consider i > 2

k k
Sk > 2+ Fi>1+) F
i=2 i=0
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Bounding Maximum Degree
Lemma-04

size(x) > Fy.p > ®X where k = x.dergee for an node x in FH

Proof: Let s, be minimum size of a node having degree k. (Bases
casesare so=1, 81 =2)

size(x) > s

k k
> 2+ Z Sy;.degree = 2 + Z Sji—2
i=2 i=2

Use induction to show s, > Fx o (base case is trivial). Consider i > 2

k k
Sk > 24+ Fi>1+> Fi=Fpo
i=2 i=0
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Bounding Maximum Degree
Lemma-04

size(x) > Fy.p > ®X where k = x.dergee for an node x in FH

Proof: Let s, be minimum size of a node having degree k. (Bases
casesare so=1, 81 =2)

size(x) > s

k k
> 2+ Z Sy;.degree = 2 + Z Sji—2
i=2 i=2

Use induction to show s, > Fx o (base case is trivial). Consider i > 2

k k
Sk > 24+ Fi>1+> Fi=Fpo
i=2 i=0

> ok
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Bounding Maximum Degree

Corollary
Maximum degree D(n) of any node in an n-node FH is O(log n) J
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Bounding Maximum Degree

Corollary

Maximum degree D(n) of any node in an n-node FH is O(log n)

Proof: Let x be a node in an n-node FH
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Bounding Maximum Degree

Corollary

Maximum degree D(n) of any node in an n-node FH is O(log n)

Proof: Let x be a node in an n-node FH
@ Let k = x.degree
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Bounding Maximum Degree

Corollary

Maximum degree D(n) of any node in an n-node FH is O(log n)

Proof: Let x be a node in an n-node FH
@ Let k = x.degree
@ n > size(x) > ok
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Bounding Maximum Degree

Corollary

Maximum degree D(n) of any node in an n-node FH is O(log n)

Proof: Let x be a node in an n-node FH
@ Let k = x.degree
@ n > size(x) > ok
@ Takes loge both side
k <loge(n)
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Bounding Maximum Degree

Corollary

Maximum degree D(n) of any node in an n-node FH is O(log n)

Proof: Let x be a node in an n-node FH
@ Let k = x.degree
@ n > size(x) > ok
@ Takes loge both side
k <loge(n)

@ Therefore, D(n) < logy(n)
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All-Pairs Shortest Paths (Floyd-Warshall)

@ Floyd-Warshall algorithm considers the intermediate vertices of a
shortest path
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All-Pairs Shortest Paths (Floyd-Warshall)

@ Floyd-Warshall algorithm considers the intermediate vertices of a
shortest path

d.(.k):{w’f if k =0

j min(d,.E.k_1 ), d,.(kk) + d,Ej'-‘)) otherwise
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All-Pairs Shortest Paths (Floyd-Warshall)

@ Floyd-Warshall algorithm considers the intermediate vertices of a
shortest path

d.(.k):{wij (k—1) =0

j min(d;" ,d,(kk)+d,£j'-‘)) otherwise

FLOYD-WARSHALL(W)

n = W.rows
DO =W
fork = 1ton

let D% = (dgf)) be a new n X 1 matrix
fori = 1ton
for j =1ton
& _ . (k=1) (k-1) (k—=1)
d;’ = min (dij N )
return D™

o e
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All-Pairs Shortest Paths

o 3 8 oo —4 NIL 1 LU L I |

oo 0 o I 7 NIL NIL NL 2 2

PO—| o 4 0 xo o a®=| N 3 ML NL NL

2 0 =5 0 oo 4 NIL 4 NIL NIL

oo o0 o0 6 0 NIL NIL NIL 5 NIL

0o 3 8 oo —4 NIL 1 1 NIL 1

oo 0 oo 1 7 NIL NIL NIL 2 2

DD =| oo 4 oo o= N 3 wNL NL NL

2 5 -5 0 2 4 1 4 NIL 1

0o o0 6 0 NIL NIL NL 5 NIL

0o 3 8 4 -4 NIL 1 1 2 1

oo 0 o 1 7 NIL NIL NL 2 2

DA=| 0o 4 05 11 n®=| s 3 s 2 2

2 5 =5 0 =2 4 1 4 NIL 1

oo o0 oo 6 0 NIL NIL NIL 5 NIL

o 3 8 4 —4 NIL 1 1 2 1

oo 0 oo 1 7 NIL NIL NIL 2 2

PP=| e 4 0 5 11 O®=| N 3 NL 2 2

2 -1 -5 0 -2 4 3 4 NIL 1

e - ) NIL NIL NL 5 NIL

@ Floyd-Warshall 0 3 b4 MLoLo4 2
3 0 -4 1 -1 4 NIL 4 2 1

algorithm takes @( V3) pW=17 4 05 3 =14 3 s 2 1
2 -1 =5 0 =2 4 3 4 NIL 1

time 8 5 16 1] 4 3 4 5 NIL
0 1 -3 2 —4 NIL 3 4 5 1

3 0o -4 1 -1 4 NIL 4 2 1

p®=|7 4 05 3 n®=| 4 3 s 2 1

2 -1 -5 0 -2 4 3 4 NIL 1

8 5 1 6 0 4 3 4 5 NIL
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Thank You!

Thank you very much for your attention! (Reference')

Queries ?

'[1] Book - Introduction to Algorithm, By THOMAS H. CORMEN, CHARLES E.
LEISERSON, RONALD L. RIVEST, CLIFFORD STEIN
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