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Abstract

We present a�(log2 M)-time algorithm that determines an unknown rational numberx in QM = {pq : p,q ∈ {1, . . . ,M}} by
asking at most 2 log2 M +O(1) queries of the form “Isx � y?”.
 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Students in all introductory programming courses
are taught how to determine an unknown integerx,
x ∈ {1, . . . ,M}, by posing queries of the form “Isx �
y?” using the fundamental binary search algorithm.
The number of queries needed is at most�log2 M�,
the maximum number of bits needed to representx,
which meets the decision theoretic lower bound [1,5].
The binary search technique was further generalized
by Hassin and Megiddo [3] and Karp [4]. They
developed algorithms to determine a non-decreasing
integer-valued function whose range and domain are
in the sets{1, . . . ,M} and{0, . . . , k}, respectively. The
original binary search algorithm can be viewed as
havingk = 1.
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However, it is clear that ifx is an irrational number
then we cannot determinex in any finite number of
queries. The natural question to ask next is how many
queries are needed to determine a positive rational
numberx where the denominator and numerator are
integers bounded byM. Note that floating point
representation can be interpreted as a rational number.
Some applications for searching rationals can be found
in [2,8,9].

An immediate solution to this problem is to list all
the�(M2) possible rational numbers in an array, sort
them and perform a binary search on the sorted ar-
ray. The maximum number of queries needed in this
solution matches the decision theoretic lower bound
of 2 log2 M. However, the algorithm has a preprocess-
ing phase that requires�(M2) time and space. Effi-
cient �(log2 M)-time algorithms had been proposed
by Reiss [7] and Papadimitriou [6]. The algorithm of
Reiss is a simple binary search that makes at most
�log2 2M3� queries but it does not determinex ex-
actly. Instead, it outputs a rational approximation ofx
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where the error is bounded by 1/(2M2). Papadimitri-
ou’s algorithm determinesx exactly but the number of
queries needed may be as high as 10�log2 M�+O(1).

We present an algorithm that requires only 2 log2 M

+O(1) queries; this matches the information theoretic
lower bound. Our algorithm can be viewed as a re-
finement of Reiss binary search algorithm (which does
not identifyx exactly). Our algorithm requires no pre-
processing and runs in O(logM) time and space. We
assume that rationals inQM can be stored in constant
space and that arithmetic operations (addition, sub-
traction, multiplication, division) on them take con-
stant time.

2. Our algorithm

Note thatx can be expressed as	x
 + a
b

wherea

andb are relatively prime anda < b. Our algorithm
uses exponential and binary search to determine	x

using log2	x
+O(1) queries (see Lemma 2). We then
use Lemma 5 to determine the fractional parta

b
by

asking at most 2 log2 M − 2 log2	x
 + O(1) queries.
We obtain:

Theorem 1. Let x be an arbitrary number inQM =
{p

q
: p,q ∈ {1, . . . ,M}}. Suppose we are given an

oracle that takes an inputy and answers query of the
form “ Is x � y?”. Then we can identify the number
x in �(logM) time and space by making at most
2 log2 M +O(1) queries to the oracle.

2.1. Searching for the integer part

We use exponential and binary search. We first
comparex with 2k for k = 0,1,2, . . . until x � 2k

(exponential search) and then use binary search to
locate x in the interval [2k−1,2k]. The number of
comparisons required is

2k+O(1)= 2 log2	x
+O(1).

Lemma 2. The integer part	x
 can be determined us-
ing at most 2 log2	x
 + O(1) queries in time
O(log2 M).

2.2. Searching for the fractional part

To determinea/b efficiently, we need the following
lemma that boundsa andb further.

Lemma 3. 0 � a < b �M= 	M/	x

. That isa/b ∈
QM.

Proof. Supposex = α/b whereα = 	x
b + a. Then
α/b � 	x
 and thus,b � α/	x
� M/	x
. ✷

To exactly determine the fractional part, we per-
form a binary search on the unit interval[	x
, 	x
+1]
so that we knowa

b
∈ [ µ

2M2 ,
µ+1
2M2 ] for someµ. This

can be done by asking�log2(2M2)� = 2 logM −
2 log	x
 +O(1) queries. The following lemma states
that the number inQM that lies in [ µ

2M2 ,
µ+1
2M2 ] is

unique.

Lemma 4 [7]. Supposea
b
, c

d
∈ QM and a

b
, c

d
∈

[ µ

2M2 ,
µ+1
2M2 ]. Thena

b
= c

d
.

Proof. We enclose the simple proof for the sake of
completeness. Assumea

b
�= c

d
. Then∣∣∣∣ab −

c

d

∣∣∣∣=
∣∣∣∣ac− bd

bd

∣∣∣∣ � 1

M2 . ✷

binarySearch: x

% determine the integer part
use exponential and binary search to determine	x

% determine the fractional part.
M←	M/	x


use binary search to determine an interval[ µ

2M2 ,
µ+1
2M2 ]

a, b← findFraction(µ,2M2,µ+ 1,2M2) (see Fig. 2)
return 	x
 + a/b

Fig. 1. A simple algorithm that performs binary search on the rational line.
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findFraction(α,β, γ, δ): a, b

if 	 αβ 
 = 	 γδ 
 and α
β /∈ Z (Case 1)

b, a′ ← findFraction(δ, γ modδ,β,α modβ)
a = 	 αβ 
b+ a′ (Eq. (1))
return a, b

else (Case 2)
return a = � αβ �, b= 1

Fig. 2. An algorithm for finding a fractionamin(I )/bmin(I ) ∈ I = [ αβ ,
γ
δ ] such that for alla

b
∈ I , a � amin(I ), b � bmin(I ).

At this point, we have determinedx in the sense
that there is only a single choice forx. We have not
made it explicit yet, i.e., we still need to computea and
b. We show that this can be done in time O(log2(M))

and�(1) space without asking any further query. The
algorithm is essentially continued fraction expansions;
see [8, Section 6.1].

2.3. Making the fractional part explicit

Suppose we know that the desireda
b

is in I =
[ µ

2M2 ,
µ+1
2M2 ] as in Lemma 4. Further, without loss of

generality, we can assumea and b to be relatively
prime. Sincea

b
is the only fraction inQM ∩ I , all

fractions inI not equal toa
b

must have denominator
greater thanb. Thus, it suffices to find the fraction that
has the smallest denominator inI .

Lemma 5. Given an intervalI = [ α
β
,

γ
δ
], there exists

a fractionamin(I)/bmin(I) in I = [ α
β
,

γ
δ
] such that for

all a
b
∈ I , amin(I) � a, bmin(I) � b. Further, we can

determine this fraction in timeO(log2(max(α,β, γ,

δ))).

Proof. We prove the existence ofamin(I) andbmin(I)

by constructing it using a recursive algorithm. Our
algorithm (see Fig. 2) has the same flavor as Euclid’s
algorithm for finding the greatest common divisor of
two integers [1]. We distinguish two cases.

Case1: Assume first thatI contains an integer, say
it contains the integersz1 < · · · < zk . We claim that
∀ a

b
∈ I, a � z1. This is clearly true ifz1= 1 or b = 1

or a
b

� z1. Thus, supposez1− 1 < a
b

< z1 andb �= 1
andz1 �= 1. Thena > b(z1− 1) which impliesa � z1.
Hence we haveamin(I)= z1 andbmin(I)= 1.

Case2: Assume next thatI contains no integer. Let
a
b

be an arbitrary fraction inI . In this case, we have

α

β
� a

b
� γ

δ
and

⌊
α

β

⌋
=

⌊
a

b

⌋
=

⌊
γ

δ

⌋
.

We can expressa as

a =
⌊

a

b

⌋
b+ a′ =

⌊
α

β

⌋
b+ a′, (1)

wherea′ = a mod b. Let α′ = α mod β and γ ′ =
γ modδ. Then, we also have

α′

β
� a′

b
� γ ′

δ
and hence

δ

γ ′
� b

a′
� β

α′
.

That is, b
a′ ∈ I ′ where I ′ = [ δ

γ ′ ,
β
α′ ]. Notice that if

there existŝb, â′ ∈ I ′ such that for all b
a′ ∈ I ′, b � b̂

and a′ � â′, then substitutinĝb for b and â′ for a′
in Eq. (1) gives us the smallesta among all feasible
b and a′ such that b

a′ ∈ I . That is, to prove the
existence ofamin(I) andbmin(I), it suffices to prove
the existence ofamin(I

′) and bmin(I
′). Similarly, to

determineamin(I)/bmin(I), it is sufficient to solve the
problem with the intervalI ′.

If I ′ contains an integer, then the problem instance
is reduced to Case 1. Thus, supposeI ′ does not contain
an integer. Notice thatγ ′ � γ and α′ � α. Suppose
γ ′ �< γ andα′ �< α. That is,γ ′ = γ andα′ = α, then
by repeating the above argument, we have

α′

β ′ �
a′

b′ �
γ ′

δ′ ,

where b′ = b mod a′, β ′ = β mod α′ and δ′ =
δ mod γ ′. That is, the problem is reduced to finding
amin(I

′′) and bmin(I
′′) whereI ′′ = [ α′

β ′ ,
γ ′
δ′ ]. Further,

asγ = γ ′ = γ modδ, we haveγ ′ < δ which implies
δ′ (= δ modγ ′) < δ. Similarly,γ ′ < γ .
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In other words, by reducing the problem instance
(i.e., an interval) in this manner, we are sure that at
least one number in{α,β, γ, δ} is replaced with a
smaller number and none of them is replaced with a
larger number. Eventually the problem instance must
contain an integer and the algorithm terminates (see
Case 1). In the worst case, we stop when the interval
being considered is[11, 1

1].
Fig. 2 summarizes the algorithm for determining

amin(I) andbmin(I). The method we used to reduce
the denominator and numerator of the endpoints ofI is
essentially the same as Euclid’s algorithm for finding
the greatest common divisor of two numbersx andy.
The time complexity for Euclid’s algorithm is

O
(
F−1(max(x, y)

))=O
(
log2

(
max(x, y)

))
,

whereF−1(α) is the largestk such thatα is less
than thekth Fibonacci number [1]. Thus, we have
the desired time complexity. The space bound follows
since each level of the recursions requires constant
space. ✷
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